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Abstract. In this paper, we show for the first time the stability of the inverse source problem
for the three-dimensional Helmholtz equation with a variable damping coefficient. The stability
estimate consists of the Lipschitz-type data discrepancy and the high wavenumber tail of the source
function, where the latter decreases as the upper bound of the wavenumber increases. The stability
is shown to have an exponential dependence on the upper bound of the damping coefficient. The
analysis employs scattering theory and semiclassical analysis to obtain an analytic domain and an
upper bound for the resolvent of the elliptic operator.
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1. Introduction. The inverse source problem is concerned with determining
the unknown source function from measurements of the radiating field away from its
support. This problem arises in many scientific and industrial areas such as antenna
design and synthesis, biomedical imaging, and photo-acoustic tomography [3]. For
example, in medical imaging one uses measurements of the electric or magnetic fields
on the surface of the human head generated by neuronal activity of the brain to
localize the sources of the activity within the brain, which provide information about
the structure of the brain [12]. The inverse source problem is also considered to be a
fundamental model in the study of antenna synthesis. In this case, one reconstructs
the unknown antenna source from the radiated field, which is measured outside a given
region containing the antenna [13]. In general, the uniqueness of the inverse source
problem at a fixed energy cannot be guaranteed due to the existence of nonradiating
sources [2]. More seriously, inverse problems at a fixed energy are usually lack of
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stability; that is, a small variation in the data leads to huge error in the reconstruction.
To deal with these difficulties, the use of multifrequency data has been found to be
an effective approach, which helps to regain the uniqueness and achieve increasing
stability in numerical experiments [4].

In this paper, we investigate the following three-dimensional damped Helmholtz
equation:

(1.1) —Au(z, k) — K*u(z, k) + iko(x)u(z, k) = f(z), =€R3,

where k > 0 is the wavenumber, ¢ > 0 is known as the damping coefficient, and
f(x) € L3(R3) is the source function. We also assume that f is real-valued. We point
out that the solution u to the Helmholtz equation can be considered as a harmonic
solution to the time-domain acoustic wave equation 02U — AU + o(x)0;U = 0 with
damping if U has the form

Uz, t) = R(u(z)e™),

where the quantity k is called the pulsation of this harmonic wave [7, 8]. We derive
(1.1) by plugging U (x,t) = R(u(x)el*?) into the time-domain equation. The Helmholtz
equation (1.1) may also be viewed as the Fourier transform of the acoustic wave
equation with respect to the time variable via

u(z) = /000 e MU (x,t)dt.

Assume that f has a compact support contained in By = {z: 2 € R3, |z] < R} with
R > 0 being a constant. Let R > R be a constant such that B CBrp={z:xz¢€
R3, |#| < R}. Denote the boundary of Br by 0Bgr. Let x? = k% — ik with Sk > 0.
The Sommerfeld radiation condition is imposed on the scattered field to ensure the

well-posedness of the direct scattering problem:

(1.2) lim r(0yu —iku) =0, r=|z|,

T—>00
uniformly in all directions & = z/|x|. The inverse source problem is to determine
the source function f(z) by multiwavenumber boundary measurements {u(x, k)|op, }
corresponding to the wavenumber k given in a finite interval.

In practical applications such as antenna synthesis and medical imaging, it is usu-
ally the case that the unknown source is embedded in medium with inhomogeneous
damping. Therefore, in this work we assume that the damping coeflicient is a variable.
Specifically, we assume that o(z) > 0 > 0 is smooth. We also let o(z) = 14+m(z) and
assume suppm(x) C Br. This means that the damping has a positive lower bound
and is homogeneous outside Br. The existence of damping leads to a spatial decay of
the radiating field, which results in poor resolution of the inverse problem. Damping
in acoustic waves is small in the air and is large in soft tissues and underwater propa-
gation. It is also a strong factor in electromagnetic detection of soft biological tissues
and underground minerals [17]. Uniqueness and numerical methods for inverse source
problems without damping have been extensively investigated in [1, 6, 15, 19, 20].
Compared with these works, a main difficulty for the inverse source problem with
damping is that now one cannot use plane waves or Dirichlet eigenfunctions of the
Laplacian operator as test functions to deduce integral equations which connect the
near-field scattering data and unknown source. Moreover, unlike [19], due to the ex-
istence of damping, the solution decays exponentially, and thus the far-field pattern
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vanishes. Recently, stability estimates for the inverse source problems of various wave
equations have been achieved in [5, 11, 17, 21]. However, to the best of our knowledge,
the inverse source problem with variable damping coefficients remains wide open to
being investigated.

Stability for the inverse source problem with constant damping was obtained in
[17]. The proof relied on the explicit Green function to derive bounds for analytic
continuation. However, in the current setting with variable damping coefficient the
explicit form of the Green function is not available. To overcome this difficulty, the
scattering theory and semiclassical analysis in [14, 23] are employed to investigate
the meromorphic continuation of the resolvent of the elliptic operator. In particular,
we obtain an analytic region and an upper bound of the solution with respect to the
complex wavenumber. It should be noticed that the damped wave equation inves-
tigated in [23, section 5.3] is defined on torus T?, which yields the compactness of
the resolvent. In contrast, in this work the damped wave equation is defined on the
whole space R3, and thus the compactness is lacking for a general damping. However,
thanks to the fact that o(z) is assumed to be a constant outside a compact set in the
current setting, perturbation arguments can be applied to regain the compactness of
the resolvent. For the inverse problem, we utilized the method developed in [17]. It
should be pointed out that the analysis becomes more complicated due to the variable
damping coefficient. Specifically, the source function is connected to the scattering
data via an observability inequality for the hyperbolic wave equation, which is derived
by Carleman estimates. In addition, we use an appropriate rate of time decay of the
hyperbolic equation with dissipation to obtain the high wavenumber estimates of the
data by Fourier transform. The stability consists of the Lipschitz type of data dis-
crepancy and the high wavenumber tail of the source function. The latter decreases
as the wavenumber of the data increases, which implies that the inverse problem is
more stable when the higher wavenumber data is used. Moreover, the stability has an
exponential dependence on the damping, which suggests that the stability deteriorates
as the damping becomes large.

This paper is organized as follows. In section 2 we discuss the direct scattering
problem. The resolvent is introduced for the elliptic operator with a variable damping,
and an analytic domain and upper bound of the solution are obtained. Section 3 is de-
voted to the stability analysis of the inverse source problem by using multiwavenumber
data. In Appendix A we derive an observability inequality by Carleman estimates.

2. Direct scattering problem. In this section, we study the direct scattering
problem. For each k£ > 0, we have the following well-posedness of the direct scattering
problem (1.1)—(1.2).

THEOREM 2.1. For each k > 0 the direct scattering problem (1.1)—(1.2) admits a
unique solution u € H?(R?).

Proof. We first prove the uniqueness of the direct problem. It suffices to show
that w =0 if f =0. Since supp(l — o(x)) C Bg, the solution v admits the following
Fourier series expansion in polar coordinates for any |z| =7 > R:

n h(l

(2.1) u(r,0,¢) = Z >

n=0m=—n 71

*W“mﬂ?wwm

where hg) is the spherical Hankel function satisfying

s
WD) =5 1y (2), 2€C,
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Y™ are the spherical harmonics of order n, and 4(™™ (R) are Fourier coefficients
given by

ﬁ(m,n)(R):/ u(R,e,qﬁ)st
Sz

By [9, Lemmas 2.1 and 2.2] we have \Hl(,l)(z)| = |H,51)(—2)\, which yields the following
estimate for z € {z € C: R2<0,3z > 0}:

5 \1/2
Szl 1- L5
[H{P(2)| <e ( Mz) HP ()],

where v € R and ¢ is any real number with 0 < ¢ <|z|. Thus, since Sk > 0, Rx < 0,
we have from (2.1) that for r > R+ 1> R,

u(r,0,9)|

5303

n=0m=—n

n=0m=-—n

< C\/T‘Fle—r%,i(l_mj;)?)%
T

for some constant C' depending on R. An analogous estimate also holds for Vu. Thus
u and Vu decay exponentially as r — co. Multiplying the equation (1.1) by 4 and
integrating by parts over B, gives

hm PR (0, 0)y | 5, ()

n

i) (|k|(R
A (kR)

memmnﬁw¢ﬁ

/B |Vu|? — k2 ul? 4 iko|u|*dz = - %uds( ).

Taking the imaginary part of the above identity yields

/ kolu|?dz =S / %uds( )—0
oB, OV

when r — oo, which gives u=0. This proves the uniqueness.
For the existence, the scattering problem is equivalent to the problem of the
following Lippmann—Schwinger integral equation:

ik|z—y| ir|z—y
— ik | S d " fy)dy.
w=—i / )y + / e LA

Then the existence of the solution follows from a Fredholm alternative argument as
in [10] by noticing that the following operator V : L?(R3) — L?(IR?) is compact:
% b [ d
fu— — —_ .
u——i W4ﬂx_wm@W@)y

The proof of existence is completed. Finally, from u € L?(R?) and the equation (1.1)
we have Au € L?(R3). Therefore, u € H%(R3?). 0
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In what follows, we investigate the meromorphic continuation of the resolvent of
the elliptic operator. Denote the resolvent by

Ry(A\)=(=A =X +ido) = (A= N +ix+idvm) "t
Denote a strip in the complex plane by
(2.2) R =Ky, +00) X (—d,d) U (—oc0, —Ky| x (—d,d),

where Kg,d >0 are two positive constants.
The following lemma concerns the meromorphic continuation of the resolvent. In
particular, an analytic domain is achieved for the resolvent.

LEMMA 2.2. The resolvent is meromorphic as a family of operators
Ry ()\): L*(R?) — L*(R?).

Moreover, for any Ko > 0, there exists d > 0 such that R, (\) is analytic in the strip R.

Proof. Denote Ro()\) = (—A—X2+i)\)~1, which is analytic as a family of operators
Ro(N\) : L2(R3) — L?(R3). Consider the operator I +iAmRg()\) : L2(R?) — L*(R3).
Since Ro(A) : L2(R?) — H?(R?) is a bounded operator and m has compact support,
the operator iAmRo(\) : L?*(R?) — L?*(R?) is compact. Moreover, since Rg(\) :
L?(R3) — L?(R3) is analytic with the estimate

1
2 2 < 3
Iz S WAZ —A[|SVAZ — 1\

[[Ro()

there exists A € C with |\| being sufficiently large such that

A

IMMRo(A)|| 212 S
ImRo )1 S [ s

<<1,

which implies I + iAmRy()) is invertible by Neumann’s series argument. Then the
operator (I +iAmRo(A\))~! is meromorphic for A € C with a countable number of
poles by the analytic Fredholm theory. On the other hand, when I + iAmRy(X) is
invertible, the following resolvent identity holds:

Ry(\) = Ro(\)(I 4 iAxmRo(N) ™1,

which gives that R, (\): L%(R?) — L?(R?) is also meromorphic.

In what follows, we show that R,(\) is analytic for A € R. According to [14,
Theorem 3.33], if the resolvent R, () has a pole at A, then the direct problem (1.1)—
(1.2) admits a nontrivial solution for f = 0. Indeed, if R, has a pole at A, then
I —iAmRy(A) is not invertible, which from the Fredholm property gives that it has a
nonempty kernel. Let g = —ikmRo()\)g; then g € L? and u:= Ry(\)g solves

(=A =X +iX+idm)u
=(=A =X +iNRy(N)g +idmRo(\)g = g +iAmRy(\)g = 0.
On the other hand, we see from the proof of Theorem 2.1 that the direct problem

only admits a trivial solution for A € R with d being sufficiently small. Consequently,
R, () has no pole and thus is analytic for A € R. |
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Next, we consider the resolvent estimates. To achieve this goal, we employ the the-
ory of semiclassical analysis. Letting z = h%k?, we see that the equation (1.1) becomes
(2.3) —h?Au+iv/zhou — zu = h2f.
Denote the elliptic operator by

P(z,h) = —h?A +iy/zho(z) — 2.
If P(z,h) is invertible, we denote its inverse operator by
Ro(z,h) =P(z,h)~".

DEFINITION 2.3. Let S™(R3) be the space of all functions a(x,£) where x,& € R3
such that a(x,£&) € C*°(R3 x R?) and

020 a(,€)| < Cap(&)™

with (€) = /1+[£]2. If a € S™(R3), we define the Weyl quantization to be the
operator A= a¥(x,hD) acting on u€ S as follows:

Au(z) = (27h) 3 /R 3 /]R 3ei<x—y>'5a(

The following two propositions concern the microlocal defect measure and its
support.

PROPOSITION 2.4 ([23, Theorem 5.2]). Let {u(h)},0 < h < hg be a family of
functions in L*(R®) satisfying ||u(h)||12@msy = 1. Then there exist a Radon measure
on R? x R3 and a sequence h; — 0 such that

56 uty)dcay.

(" (x, hyD)u(h;), u(hy)) — a(z,§)du
R3xR3

for all symbols a € S°(R®). The Radon measure i is called a microlocal defect measure
associated with the family {u(h)},0 < h < hy.

PROPOSITION 2.5 ([23, Theorem 5.3]). Let p € S™(R3) be real and
Ip| > 7(&)™  for|§|>C,
for constants C,y > 0. Write P(h)=p™. Suppose that u(h) satisfies
[P(R)u(h)||L2@s) =0(1) ash—0,  |[ul[L2rs) =1.

Then if u is any microlocal defect measure associated with the family {u(h)},0<h <
hg, it holds that

suppp C p~ ' (0).

According to [23], the following two lemmas hold. We present the proofs with
adaptations to the current setting for the reader’s convenience.

LEMMA 2.6. There exist constants a,C, and hg > 0 such that

~ C
| Ro (2, h)| L2 (®3)—12(R3) < W

(2.4) [Sz| < ah, |z —1] <a, 0<h < hg.
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Proof. Tt suffices to prove that there exists a constant C' > 0 such that
C
llull L2 (msy < EHP(z,h)uHLz(Ra)

for all u € L? if 2 and h satisfy the assumption (2.4).
We prove by an argument of contradiction. If the result were not true, then there
would exist 2z, € C, 0 < hyy, < %, and functions u,, € L?(R?) such that

h h 1
P mahm m <7m m ) (\m Sﬂv m_]- S*
1P s o ot 2w) < 2 i [ 2rs)s 92m] < 22, o =1 < —

We normalize u,, such that [[u,, | z2@s)=1. Then
(2.5) P(zm, b )um = 0(hen),  2m — 1, Szm =o0(hnm).

Let p be the microlocal defect measure associated with the sequence {u,, }5o_;. It
is straightforward to verify that Py(h) = p* with Py(h) = —h?A —1 and p:=|¢|? — 1.
Then we have

1 PP tt | 22y < 1P s P et 22 @5) + (P s o) = Po(hn) a2 a) = 0(1)
as m — 0o. Therefore, Proposition 2.5 implies that
supp(pe) Cp~ 1 (0) = {€: €] =1}.

As [[tm ] r2®e) =1, letting a =1 € S°(R?) in Proposition 2.4 gives

(2.6) / du=1.

In what follows we derive a contradiction to the identity (2.6). Let P, =
P(zm, hm). Then we have

Pp=—h2A+iy/zZmhmo(z) — 2m
and the adjoint of P, as follows:
Pi=—h2 A —iZphmo(z) — Zm,
which yields
P — P =i(\/Zm + VZm) hino (2) — 2 + Z = 2ihpo () + 0(hyy)

since by (2.5), /zZm =1+ 0(1) and —zp, + Zpm = =21 (2,) = 0(hm)-
Now we let b € S~2 and introduce the operator B,, = b¥(z, h,, D). Then B,, =
B?,. From (2.5) a direct calculation yields

0(hum) = 21 (B Pt s U ) = (B Pty U ) — (Umy By Pyt
2.7) = (B P — P* Buy )t )
= ([Bum, Prn|tm, Um) + ((Pm, — Pp,) Bt -t )
= —h2 ([ B At , ) + in/Zm B ([ Brny 0ty U ) + (P — P Bt )
= —h2 {[Bo Altbn, ) + il ([Buny )t ) + 211 (0 Bt s ) + 0(im)
= —hZ2 ([Bms At tm) + b (( Bino + 0 By )t U ) + 0(hyy).

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Then applying [23, Theorems 4.18 and 4.24] gives

hm
(2.8) —h2,[Bm, Al = [By, Po(hum)] = —Abp}" +o(hm),
(2.9) Byo + 0By, =2(ab)* + o(hp),

where the Poisson bracket {,} is defined as {b,p} =V¢b-Vup — Vb Vep. Inserting
(2.8)-(2.9) into (2.7) gives

O(hm) = hTm <{b7p}wuma um>
+ 2h1{(0D) Uy U ) + O( B ).

Dividing the above identity by h,,/i and letting h,, — 0 gives
/ {p,b} +20bdu=0.
R3xR3

Next, we choose b such that {p, b}+20b > 0 on supp p, which implies [ps . ps dpp =0
and leads to a contradiction to (2.6). Recalling ¢ > o¢ > 0, for each initial point
(2,€) € R? x R? with || =1, there exists T'> 0 such that

T
(ohr = % /0 o (& + £€)dt > 0.

Define
1 T
c(z, €)= T/() (T —t)o(x + &t)dt,

where (7,€) € R3 x R3 with |¢| = 1. Consequently, we have

€Yo =7 [ (= 0e Vol +16)ar

I d

T
= % /0 o(x +t&)dt — o(x)
= (o) —oO.

Now we let b(z,&) = e“@Oy(p) = e“@Ex(|¢> — 1), where x € C$°(R) satisfying
x = 1 near 0. Recalling that the assumption o — 1 € C2°(R3) ensures that any order
derivative of o is bounded, it is easy to verify b€ S~2. Then

(§, Vab) = €€, Vo) x(p) = (o) rx(p) — e“ox(p)
since {p, x(p)} =0. Thus, we have
{p,b} 4 20b = 2(¢, V) + 20b = 2¢ (o) x(p) >0 onp1(0).

The proof is completed. ]

The following lemma concerns the resolvent estimates.
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LEMMA 2.7. The following resolvent estimates hold:
Ry (K)|| 2 ®8) i g3y < ClRP™Y, keR, j=0,1,2
Proof. By letting z = h%k? and by (2.3) we have
Ry (k) =h?R,(z,h).

Define the semiclassical norm of H? by [Vl 2 (msy = h2||Av|| 2gsy + |[v]| L2 (rey. For
the case where j =2, we have

_ , _ c
IW2 ARy (2,h) fll L2 gsy < [|(2 +iv/zha) Ry (2, 1) f + fll L2 (ms) < EHf”L?(RS)a

where the last inequality holds by Lemma 2.6. Thus,

~ C
(2.10) 1Ro (2, ) fll 2 s) < 51l 2 ey
Now put
1
z2=h%k?, k=k +iky, h=—,
k1

such that

1
ISz] <ah, |z—-1<a if |k2\§'y,|k1|>;

for some sufficiently small . Then inequalities in (2.4) hold. Therefore, for |ko| <~y
and |k1| > 1/, (2.10) implies

(2.11) | Ro (k) fll 2 w3y < ClE| fll 22 ®s)-

Thus, if R is as defined in (2.2) with K being sufficiently large and d being sufficiently
small, the estimate (2.11) holds for k € R.
Using a similar rescaling argument, we also have by Lemma 2.6

C
R (K) fll L2 (r3) < meHL?, keR.

The remaining case of j =1 follows from interpolation. The proof is completed. 0

3. Inverse scattering problem. In this section, we discuss the stability of the
inverse problem. We introduce the boundary measurements as follows:

(3.1) B3, = | (e k)P + V(e b)) dse).
R

In fact, for the boundary measurements, we only need to measure the Dirichlet data u

on the boundary 0Bp, and the gradient Vu on 0B can be computed from u on 0Bpg.

To illustrate this, note that the normal derivative d,u on dBgr can be computed via

the Dirichlet-to-Neumann map. Specifically, as the solution u admits the following

Fourier series expansion in polar coordinates for any |z| =7 > R:

n h(l

(3.2) u(r,0,¢) = Z >

n=0m=—-n

Wy YT 0.0),

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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we can compute J,u by taking the derivative of (3.2), which yields

wR6,6) =3 3 w2 VL) jonn) gy )

n=0m=-n )

We can also compute the tangential derivative of w on dBg from u on dBg, which
gives Vu. Thus, we may only use Dirichlet data on the measurement boundary.
Hereafter, the notation a < b stands for a < Cb, where C' > 0 is a generic constant,
which may change step by step in the proofs.
The following lemma connects the unknown source and the boundary measure-
ments.

LEMMA 3.1. Let u be the solution to the direct scattering problem (1.1)—(1.2).
Then there exists a constant C' >0 such that

+oo
2
T / (e, k)25, dk.

Proof. Define U(x,t) =0 in the hyperbolic equation (A.1) when ¢ < 0, and define
the Fourier transform as follows:

—+oo
O (k) = / Uz, t)e— " dt.
0
Since o > 0 > 0 is positive, we have from known results in [18] that

UGyt p2 sy < CUF(L + )72,

Hence, the Fourier transform is well defined. Furthermore, using integration by parts
and the finite speed of propagation, we obtain that U (z, k) satisfies the direct scatter-
ing problem (1.1)—(1.2), which gives U(z, k) = u(x, k); that is, the hyperbolic equation
(A.1) is converted to the Helmholtz equation (1.1) through the Fourier transform.

From the observability inequality in (A.1) and noting that 0,U(x,t) = iku(z, k),
we have by using Parseval’s identity that

o 200
1£1132 (5 < CeClolz (10:U 172 0B x (0.7)) F+ VU E 2085 x(0.1)))
gcecllff”ioo/ / (Rl )P +[Vu(e, b?)ds(x)dk,
0 OBRr

which completes the proof. 0

The following lemma gives an analytic continuation principle (cf. [21, Lemma
A1)).

LEMMA 3.2. Let p(z) be analytic in the infinite rectangular slab R:={zeR:
Rz >0}, and continuous in R satisfying

|p(2’)|§6, ZE(A{((LKL
lp(z)| <M,  z€R,
where Ko, K, ¢, and M are positive constants. Then there exists a function pu(z) with
z € (K,+00) satisfying
64G,d l(

. P — Y
(3.3) uiz) = 372(a2 + 4d?)° ’
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where a = K — Ky, such that
(3.4) Ip(2)] < Me*®) ¥z e (K, +00).
We introduce the following multiwavenumber data:

k
I(k) = / lu(e,w)|3p,dw, k>0,
Ko

where K| is specified in (2.2).
The following lemma provides an analytic continuation of the data from low
wavenumbers to higher wavenumbers.

LEMMA 3.3. Assume that f is real-valued with || f||12(py) < Q. We have
[I(k)| S Q%e* e P Vi e (K, +00),

where

K
64ad T (a
2 2 e (S5 —k)
= k dk k) > d
€ /Ko l|lu(z, )||aBR o (k) > 37r2(a2+4d2)62 ? ’

and a =K — Kq. Here Ky is specified in (2.2).
Proof. Extend I(k) from k>0 to k € R as follows:

I(k)= /KkU /aBR (wzu(x,w)u(:c, —w) + Vu(zr,w) - Vu(z, fw))ds(:r)dw,

where k € R. Here the integral is taken over the line segment from K to k € R. Since
f is real-valued, we have u(x, k) = u(z, —k) for k € R, which gives

I(ky=1I(k), k>0.
It follows from Lemma 2.7 that
11(k)] S Q%K
which gives
e HII(k)| $Q% keR,

where ¢ > 0 is any positive constant. Notice that for k € R we have |Sk| < d, which
implies

e REI(R)| S e MR S Q% keR.
An application of Lemma 3.2 leads to

lem*I(k)| S Q2™ Ve (K, +00),

where
64ad x(a
> 0ded  z-n
(k) = 37T2(a2+4d2)e2d ’
and a = K — K{, which completes the proof. ]

The following result provides an estimate of the data for high wavenumbers.
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LEMMA 3.4. Let f € H*(Bp) and ||fllg2(8,) < Q. Then the following estimate
holds:

o0
| e s, S 511,

Proof. Let 2 be a bounded domain in R3. According to [22, Proposition 1.1], we
have

(3.5)
U200y S A+ 1 f 1 m,y 1AUCDT20) S A+8) 2170 (5,

and

(3.6) ||82U||L2 @ ”vatU”LZ(Q (1+1)” 3HfHHl(B
Therefore, it follows from interior elliptic regularity theory and (3.5) that
(3.7) U2y S L84 f3 5,)-

Let ©y be an open domain such that dBr C Qg and Qo Nsupp(f) =0. Tt follows
from the estimates (3.5), (3.6) and the equation (A.1) that

10:U ¢ )220y S X+ 1) 2l (5,

In view of (3.6) again we have [|VO,U |72,y S (1 +) || fI31 (s> Which combined
R
with the above estimate yields

lo:.U(, )”Hl(QO) (1+1)” 2Hf||H1(B
On the other hand, from (3.7) we obtain
IVUC 12205, S @+ F 1 (5,
In summary, we have

(3.8)
IVU GOz 080 S A+ W, 100D 2080 S A+ 0721155,

Letting U = 8,U, we see that U satisfies the following initial-valued acoustic wave
equation:

U — AU + o(x)0,U = (x,t) € Bg x (0,400),
U(J:,O)—f, [7( 0)= —af, x € Bp.

Then by applying [22, Proposition 1.1] to U, we have

(3.9)
1T D20y S A+ 1 f 2, AT T2y S A+ 021 2,0

and

1070172 (0) + IV 0720y S L+ 8) 21 f 72 5,)-
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Notice that the H2 norm of f appears on the right-hand side of the estimates since

now the initial condition of U is U(z,0) = f, &,U(x,0) = —o f. Therefore, it follows
from interior elliptic regularity theory and (3.9) that

1O ¢ 0323y S A+ 81 3725,

Then, following a similar argument for the derivation of (3.8), we obtain the following
estimates of O,U

(3.10) IVOU ()72 0mp) S A+ 325, 107U 0172085
SA+) N f 25,

We have by Parseval’s identity and (3.10)

/ WP lu(0) Baomdw <E 2 [ wtulw)]2apmpdw
|w|>k |w|>k

< k72 [ ) s oy

— / 102U () 2o

K2, / (1+6)2at
gk‘_QHf”?YQ(BR)a

and
L Py S5 1TV O o
SK N B | (140 T
§k72||f|\%r2(31%)-
The proof is finished by noticing that |u(z,w)| = |u(z, —w)| for w > 0. O

The following stability estimate is the main result of this paper. The proof utilizes
an argument of analytic continuation as in [21].

THEOREM 3.5. Let f € H?(Bg) with ||f||m2(py) < Q. There exists a positive
constant C' >0 such that the following stability estimate holds:

2
2 Clloll3eo [ .2 Qi
(3.11) 1fllz2(pn) S e <€ * K1n|1ne|)’

where

K
&= / (e, B)]13 5,k

and the boundary measurement |u(z,k)||3p,, is defined as in (3.1).
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Proof. We can assume that € < e~ ! otherwise the estimate is obvious.
Let L > 0 be a large constant to be determined later. By applying the analytic
continuation in Lemma 3.3 we have

I(k) < Q?eclkl k)
< Q%exp {ck - aQCiGCg, et (370 |1ne|}

a_p k(a?

a L(a? a
< Q%exp {_a;j_acg ecr(5—1) |Ine| (1 _ W601(L—2)|1n6|—1) }
< Q%exp {—boefclL\lne\(l - blLeclL|1ne|*1)}

for K <k <L, where ¢,¢;,i=1,2,3, and by, b, are constants. Let

1 1
—In|lnel|, K< —In|lne|,
2c C1 201

K

1
, K> £1n|lne|.
If K < 5-In|lne|, we obtain for sufficiently small ¢ that
I(k) £ Q%exp {—boe™“**|Ine|(1 — by Le“* " |Ine| 1)}
1
<Q%exp {—2boe_clL|lne|}
for K < k < L. Noting that e™ < % for x > 0, we have

I(L) S Q% L|Ine| .

Taking L = i In|lne| and combining the above estimates and Lemmas 3.1 and 3.4,
we get

2
||f||%2(BR)§eCHU”Lm (e +I(L : |u(x7k)||%Bde)
2
< Cloli (6 Q2 Ine| ! + §2>

< el (&4 @2 (Jinel el + (| lne))~2) )
< Clollie (6 1+ Q? (|ln6| * 4 (In|Inel)~ ))
(¢

<eCliolliee (2 4 2 (In|lne|)~ )
2

< Clloliee (24 @

~© (6 +K1n|lne|)’

where we have used |Ine|'/2 >1In|Ine| for sufficiently small e.
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If K > i In|Ine|, we have from Lemma 3.4 that

1By < el <e2+ /| ||u<x,k>%Bde)

2
< (Clollt <624532>

2
< Clolioe (2, Q@
~© <6 +Kln|lne\ ’

which completes the proof. 0

The stability (3.11) consists of two parts: the data discrepancy and the high
wavenumber tail. The former is of the Lipschitz type. The latter decreases as K
increases, which makes the problem have an almost Lipschitz stability. The result
reveals that the problem becomes more stable when higher wavenumber data is used.
The stability also exhibits an exponential dependence on the upper bound of the
damping. As the damping increases, the stability deteriorates.

4. Conclusion. We have presented a stability result for the inverse source prob-
lem of time-harmonic acoustic waves in inhomogeneous background damping. An
increasing stability is derived by multiwavenumber boundary measurements, which
consists of the data discrepancy and the high wavenumber tail of the source function.
The result shows that the ill-posedness of the inverse source problem decreases as the
wavenumber increases for the data. In addition, the stability has an exponential de-
pendence on the damping, which deteriorates as the damping increases. The analysis
employs scattering theory and semiclassical analysis to achieve an analytic domain
and explicit bounds of the data for analytic continuation. A possible continuation is
to consider the inverse source problem in an inhomogeneous medium with damping.
In this case, we may derive a similar observability inequality by using Carleman esti-
mates in [16]. Moreover, the medium should be assumed to be nontrapping in order
to apply the scattering theory. As a more challenging problem, we hope to study the
inverse problem of determining the damping coefficient.

Appendix A. The observability inequality for the wave equation. In
this section, we derive an observability inequality for the hyperbolic equation with
dissipation.

Consider the initial-valued acoustic wave equation

A {%U—AU+d@@U:Q (z,t) € B x (0, +00),

U(xz,0)=0, 0U(z,0)=f, x € BR.

The following theorem provides an exact observability bound for the above
equation.

THEOREM A.l. Let the observation time 4(2R+1) <T <5(2R+1). Then there
exists a constant C' depending on the domain Br such that

2
(A.2) 111725y < CeCllolie (180:UN72 0% 0.7)) + VU2 2085 (0.7)))

for allU € H*(Bg x (0,400)) solving (A.1).

The proof of Theorem A.1 is motivated by that of Theorem 3.1 in [17] for constant
dampings. Before the formal proof, we introduce the energies
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1\9\»—*

/ (10:U (z, 1) + |VU (2,1)|> + |U (2, t)|?) da,
Br

1
f/ (10U (2,8) + VU (2, 8)2) da,
2 Br
and denote
1
F? f/ (10U (. 1) + [VU (2, 1) + U2 (2, 1)) ds(z)d.
2 JoBrx(0,1)

LEMMA A.2. Let U be a solution of the forward problem (A.1) with f € H*(BR)
and suppf C Br. Let 0<t; <ty <T.

Then
(A.3) E(ty) < 2= (2E(t)) + F?)
and
(A.4) E(ty) < 2ePloletalzmt) (70 (B(5) 4+ F2)

Proof. Let >0 be a constant. Multiplying the equation (A.1) by (8;U)e?* and
integrating over Bg x (t1,t2) yields

1
/ (@(@U)Q —AU@tU+U(6tU)2> eetdxdt:O.
Brx(t1,t2) 2

Integrating AU, U by parts over B and using that VU - VO,U = 36,(|[VU|?), we
obtain

ta
/ (0o (1)) etdt + / o (BU)? Pt dadt
t Brx(t1,t2)
—/ &,UatUegtds(x)dt:O.
OBRX(t1,t2)

Hence,

Eo(t2)e?2 — Ey(t;)e :/ (9 ((0:U)? +|VU|?) — a(atU)2> et dadt
Bprx(t1,t2) 2

+/ 3,,U5tU69tds(:r)dt.
OBRr X (tl ,tz)
Letting 6 = 0 and using the elementary inequality 2AB < A? + B2, we derive

Eo(t2) < Eo(t1) + / (—0)(0,U)*dxdt
Brx(t1,t2)

1 2 2 sl
n 2/mx(m) ((a,,U) +(9,U) )d (x)dt
(A.5) < Eo(t1) + F?

noticing that ¢ =o(x) > 0,2 € R".
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Similarly, letting 6 = 2||o ||, we derive

Eo(tl)e2\|0||mot1
< EO(tQ)ezHUHLootz
+ / (=lloflzee (0,U)%* + |VU|?) + U(@tU)Q) elloliz=tqzdt
BRX(tl,tz)
1
+ 7/ ((8,U)* + (0,U)?) e2llolle=tds(z)dt
2 8BR><(t1,t2)

1
< Eo(tg)e?llolle=ta 4 — / ((0,U)* + (0,U)?) e2llolle=tqs(z)dt,
aBRX(tl,tz)

and therefore
(A.6) Eo(ty) < e?llolieeeta=t) (B (1) + F?) .

Now we replace Ey by E and consider t < s <ty first. We have
/ U?(x,s) :/ U?(x,ty)da — 2/ U(z,t)0.U(x,t)dxdt
Bgr Br BRX(S,tZ)
1
S/ U2(x,t2)dx+7/ U?(x,t)dadt
Br 2(t2 - t) BRX(S,tz)
+2(ty — t)/ (0:U (z,t))*dadt.
BRX(S,tQ)
Integrating over (t,ts) and interchanging the time integration order, we obtain
/ U?(z,s)dxds
BRX(t,tQ)
1
< (s — t)/ U2 (2, t2)dar + 7/ (5 — )U(w, s)dwds
Br 2(t2 - t) BRX(t,tQ)
+2(ts— 1) / (5 — 1)(OU)2(w, 5)dwds
BRX(t,tg)
1
<(ta — t)/ U?(z,ty)dx + f/ U?(z,s)dxds
Br 2 BRX(t,tQ)
2ty — 1) / (0 (x, 5))? dads.
BRX(t,tQ)

As a consequence we have

/ U?(x,s)dxds
BrXx (t,tz)

<Aty —t) [ UP(x,ty)da + 4(ty —t)2/ (8,U (z,5))? dads
Br BRX(t,tz)
and finally
(A7) / U2 (a2, t)dw < 2 / U2 (a2, t2)da + A(ts — 1) / (0,0 (2, 5))? dads.
BR BR BRX(t7t2)
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Similarly, when t; <t <t we obtain

(A.8) /B U2 (1) da < 2 /B U2 (2, t1)dz + A(t — 1) / (O,U (. 5))? deds.

Brx(t1,t)

Combining (A.6) and (A.7), we conclude that

(A.9)  E(t) <2e2lolle =t (B(t,) 4 F2) 4 4ty — 1)) E(s)ds, t;<t<ts.
(t,tg)

We recall that the inequality E(t) < Fy + Aftt2 E(s)ds, t1 <t < tg, implies that
E(t) < Fre2=% Using this result, we derive from (A.9) the bound (A.4).
Similarly, from (A.5) and (A.8) we obtain the bound (A.3). |

After these preparations we return to the proof of Theorem A.1.

Proof of Theorem A.1. Let p(x,t) = |a:—a|2—p2(t—%)27 where dist(a, Bg)=1,p=
%. We use the known Carleman-type estimate in [16] by denoting Q@ = Bg x (0,T):

c! Z 7'3_2|a‘/ |0°U |2e* ¢ dxdt

|l <1 Q

< / (8% — AU )2 2 dadt
Q

(A.10) +/ (0 U)? + |VU|* 4+ 12U?)e* ™ ?ds(x)dt.
oQ

2

Obviously, 1 — p%e? < ¢ on B x {|t — Z| < &1} for some positive e; < 1, so it holds

that
Z 7'3_2|°“/ |0°U |2e*™¢dxdt
ol <1 Q
>y g2 / 97U 220" D ddt
| <1 BRX(%*EL%JFEQ
> re?r(i=p"el) / E(t)dt
(L —e1,T+e1)
(A.11) > re?m(1=p"ele) (;e_(glgleHT)TE(O) — F2>
due to (A.4).

Moreover, since ¢ < (2R + 1)? — p?T?/4 on Bg x {0, T}, we have

/ (|0:U* +|VU|? + 72U?)e* ¢ dadt
Bgrx{0,T}

< 7_2627((212+1)2—p2T2/4) (E(0) + E(T))
(A.12) < 72T CRIDIPTY (AT 4 1) B (0) + ¢ F?)
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due to (A.3). From (A.10) and (A.11) we obtain

(A.13)
T627(1_p2gf 816_(2HUHL°°+4T)TE<O)—|— Z 7_3—2\04/ ‘aaU|2e2Ttp
lal<1 Q
<C ||a||2Lm/ |6tU|262”’d:cdt+/ 7((OU)? + |VU > 4+ 72U?)e?* ?ds(x)dt
Q 8BR % (0,T)

+ (7_62T(17p2€%) + 7_3627—((2R+1)27p2T2/4)64T2)F2

+ T362T((2R+1)27p2T2/4)64T2E(0)

Cllollzee

Choosing 7 > ——=%=, we absorb the first integral on the right-hand side by the
2
left-hand side and eliminate this integral. We further choose T2 = 4(2}%’%1) + 45%;
then 7= (2||o||p~ +8T)T +1n(2(e1)"1C) + C||o||2 <. As a consequence,

T262T((2R+1)27p2T2/471+p25§)+(2Ho’HLoo +8T)T —274(2||o|| Lo +8T)T

=72
< 9~ TH+llollLe+8T)T  E1
= = 2C

because 72e~7 < 2. In addition,
72627((2R+1)2—1+p2s§)+(2\|o\|Lw+4T)T
< 7202(@2llo | Loe +8T)T+C||o | 00 +C) (2R+1)? +(2]| o || oo +4T)T
< CeClioli
because T < 5(2R + 1). Using the above inequality and the inequality ¢ < (2R + 1)?

on Br x(0,T) and dividing both sides in (A.13) by the factor of E(0) on the left-hand
side, we obtain

E(0) < CeClolli= p2.
Since f is supported in Bg, it holds that ||Ul|)(0Br x (0,T)) < C||0;U||(0)(0Br x
(0,7)), and we complete the proof of Theorem A.1. O
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