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Abstract

This paper is concerned with inverse random source problems for electromagnetic and biharmonic wave
equations. The driven sources are assumed to be generalized microlocally isotropic Gaussian random fields
such that the covariances are classical pseudo-differential operators. Uniqueness and stability are estab-
lished for both inverse random source problems. The stability estimates consist of a Lipschitz type data
discrepancy and a logarithmic stability, which decreases as the upper bound of wavenumbers increases.
These increasing stability results reveal that ill-posedness can be overcome by using multi-wavenumber
data. The analysis is based on integral equations and analytical continuation, which only requires multi-
frequency Dirichlet data on the boundary in a finite interval and removes the limitation of data to be
collected at all high wavenumbers. For the first time, the stability is established on the inverse source
problems for both the Maxwell and biharmonic equations by Dirichlet boundary measurements.
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1. Introduction

Inverse random source problems in waves arise in many scientific and industrial areas such as
biomedical imaging, geophysical exploration and radar and sonar when the surrounding environ-
ments are uncertain and random. In these situations, the sources of the waves should be described
by random fields instead of deterministic functions, which cause the radiating wave fields to be
random as well. Compared with the deterministic counterparts, the randomness makes it less
meaningful to recover the full sources and the goal is to determine the statistics such as the mean
and variance of the random sources, which are used to quantify uncertainties of the sources.
Driven by the significant applications, inverse random source problems have been extensively
investigated recently. Numerical and theoretical results can be found in [2-5,11,13,15-18,21]
and references therein.

Inverse source problems for electromagnetic waves are considered as a basic mathematical
tool for solving many inverse problems such as magnetoencephalography (MEG) in medical
imaging and antenna design and synthesis. For results on deterministic inverse source problems
in electromagnetic waves we refer the reader to [4]. For the inverse random source problems,
uniqueness was studied in [16,18]. In these works, the source is assumed to be a generalized mi-
crolocally isotropic Gaussian (GMIG) random field proposed by [12], whose covariance operator
is a classical pseudo-differential operator. Such Gaussian random fields include various classical
processes such as white noise, fractional Brownian motions, Markov fields, and so on. For more
details, we refer to [12,14]. On the other hand, from the computational point of view, a more
challenging issue is the lack of stability for inverse problems, that is, a small variation of the
data might lead to a huge error in the reconstruction. Thus, it is crucial to investigate the stability
for inverse problems. However, to the best of our knowledge, little is known for the stability of
inverse random source problems for Maxwell equations.

We also consider inverse random source problems for biharmonic waves. Such problems arise
in thin plate elasticity and have received much attention due to their important applications in
the control of destructive surface waves and the construction of ultrabroadband elastic cloaking
devices [9,20]. Similar to Maxwell equations, uniqueness results are available for GMIG random
sources in [15,16], but the corresponding stability estimates remain wide open. In this paper, we
initialize the mathematical study of the stability estimates of the inverse source problems for the
stochastic Maxwell and biharmonic equations driven by GMIG random sources from Dirichlet
boundary measurements.

We develop a unified stability theory of the inverse random source problems for electro-
magnetic and biharmonic waves. It extends the previous approach developed in [19,21] for the
Helmbholtz and elastic wave equations to handle the more complicated Maxwell and biharmonic
equations. For electromagnetic waves, the inverse problem is to reconstruct the matrix-valued
principle symbol of the covariance operator of the random source. We show a uniqueness result
and demonstrate that increasing stability estimate can be achieved by using only the tangential
trace of the electric field on the boundary at multiple wavenumbers in a finite interval. For bihar-
monic waves, the inverse problem is to determine the principle symbol of the covariance operator
of the random source. Uniqueness and the increasing stability are also achieved by using only
multi-wavenumber Dirichlet boundary data in a finite interval. It is worth mentioning that we can
remove the limitation that the wave field is required to be measured on a bounded domain at all
high wavenumbers in [16,18]. The stability estimates for the two waves consist of a Lipschitz-
type data discrepancy and a logarithmic stability. The logarithmic stability reveals the ill-posed
nature of the inverse problem and is shown to decrease as the wavenumber of the data increases.
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The stability illustrates that the ill-posedness of the inverse problems can be overcome and the
inverse problems become more stable when multi-wavenumber data is used.
Our analysis consists of the following steps:

e First, we establish integral identities which connect the Fourier transform of the random
source and the boundary data by using plane waves as test functions;

e Second, by taking the expectation of the correlated boundary integrals, the principle symbol
of the random source can be expressed as a sum of the boundary data and a high frequency
tail;

o Third, the stability is derived by investigating the analyticity of the data and applying a quan-
titative analytic continuation in complex theory to link the given data and the unavailable
data at higher frequencies, which yields the logarithmic stability. The Dirichlet-to-Neumann
maps are used to represent the Neumann data in terms of the Dirichlet data.

Recently, there have been some works on stability for inverse random source problems. A loga-
rithmic stability estimate was derived in [17] for the stochastic Helmholtz equation driven by a
white noise source. The proof relied on the Ito isometry of the white noise, which however does
not hold for the generalized Gaussian random field. We studied in [21] the inverse random source
problems for elastic waves, while in the current work we consider two different wave equations:
the electromagnetic and biharmonic wave equations. Therefore, different techniques should be
employed. For instance, since the double curl operator may not be elliptic unless the source is
divergence-free, we make the assumption that the driven random source is divergence-free as
in the deterministic setting [4], and then the Maxwell equation is reduced to the vector-valued
Helmbholtz equation. On the other hand, since the biharmonic wave equation is a fourth-order
equation, the analysis becomes more involved.

This paper is organized as follows. In Section 2, we show the uniqueness and increasing
stability of the inverse random source problem for Maxwell equations. Section 3 is devoted
to the inverse random source problem for biharmonic waves. The uniqueness and increasing
stability are obtained. In Appendix, we briefly introduce the definition and properties of the
GMIG random field.

2. Electromagnetic waves
2.1. Problem formulation
We consider the time-harmonic Maxwell equations in a homogeneous medium:
VxE—ikH=0, VxH+ikE=J nR? (2.1

where k > 0 is the wavenumber, the electric field E and the magnetic field H are both C3-valued
vector fields. The random electric current density J is a R3-valued vector field, which is assumed
to have a compact support in D, which is assumed to be a Lipschitz and bounded domain in R3.
For R > 0, we denote By := {x € R?: |x| < R} with boundary d B. Let R be large enough such
that D CC Bg.

In this paper, we assume that the current density J is a generalized microlocally isotropic
Gaussian random field. Then the source belongs to a Sobolev space with negative smooth index
almost surely which should be treated as a distribution. Therefore, the Maxwell equations (2.1)
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do not hold pointwisely and the weak Silver—Miiller radiation condition is required to make the
direct problem well-posed:

lim | (Hx-=—E)-¢ds(x)=0, forall$eD, 2.2)

r—00 [x]
|x|=r

where D is the space of compactly supported functions equipped with standard local convex
topology.

Eliminating the magnetic field H from (2.1), multiplying a test function F € D3, and inte-
grating by parts over R3, we obtain

/(v X (V x E) — k*E) - Fdx :/ik] . Fdx. (2.3)
R3 R3

Using V x Vx = —A 4+ VV. and derivatives of distributions, the above identity becomes
/(—A—kz)E~Fdx—/(V-E)(V~F)dx:/ikJ-Fdx. 2.4)
R3 R3 R3
Moreover, it follows from the second equation in (2.1) that
/(VxH)~V(V~F)dx:—ik/E~V(V-F)dx—i—/J-V(V-F)dx,
R3 R3 R3

which gives by V- Vx =0

/(V-E)-(V-F)dx:%/J~V(V-F)dx. 2.5)
R3 R3

In the deterministic cases, see e.g. [4], the source in Maxwell equations is usually assumed to
satisfy the divergence free condition

v.-J=0.
Thus, we introduce the space
B= [Ue (D’)3:/U~V¢dx=0forall¢eD}.
R3

It can be seen that B consists of all divergence free vector fields in the sense of distribution. If
J € B, it follows from (2.3) and (2.5) that

/(—A —k)E - Fdx = /ikJ . Fdx,
R3 R3
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which means that the following Helmholtz equation in the frequency domain holds in the distri-
butional sense

~AE —K’E=ik] inR° (2.6)
In this paper, we assume that J satisfies the following assumption.

Assumption 2.1. The random source J is a real-valued microlocally isotropic Gaussian random
function of order —n in the bounded Lipschitz domain D with zero expectation, where n > 2.
Let M > 0 be a constant. The covariance operator has the matrix symbol C(x, &) = [¢;jl1<i,j<3
with the principal symbol M (x)|&|™", Ml = [m;;]1<;, j<3, satisfying (i) [m;;(x)| < M for x € D;
(i) [cij(x, )l < M(1+ [5) 7" for § € R and x € D; (iii) JA(x, §)| < M[§]~FD for |§] > 1
and x € D where A(x,&) =C(x, &) — M(x)|&]7".

Under Assumption 2.1, according to [18, Theorem 2.2], the direct scattering problem
(2.1)—(2.2) is well-posed almost surely with E belonging to a Sobolev space with positive smooth
index. Moreover, it follows from the Helmholtz equation (2.6) that E has the following explicit
representation

ikl =yl
J(y)dy. 2.7)
lx — ¥

ik
E(x,k)= E/
Bpg

Let E x v and H x v be the tangential trace of the electric field and the magnetic field,
respectively. It is shown in [1, Section 2] that there exists a capacity operator Ty such that

H xv=Ty(E xv) on0dBg, 2.8)

which implies that H x v can be computed once E x v is available on d Bg. The transparent
boundary condition (2.8) can be equivalently written as

(VX E)xv=ikT\y(E x v) ondBg. 2.9)

We consider the following inverse random source problem by using random boundary mea-
surements.

Problem 2.2. Let J be the random electric current density with the compact support D under
Assumption 2.1. The inverse random source problem of electromagnetic waves is to determine
the strength matrix M from the random tangential trace of the electric field E(x, k) x v for
x€o0B R-

2.2. Uniqueness for the inverse random source problem

In this section, we discuss the uniqueness of Problem 2.2.
Introduce the direction vector d = (dy, d», d3) € S and the polar vectors p j»4qj given by

5
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where e; is the unit vector in R3 with its jth entry being one. It is easy to see that p jLq;and
p; |l d. Then we denote

Ip,j(d,k)zfe—ik“’pj.J(x)dx, 1<j<3,
Br
and
1y.:(d, k) =/e‘ik"'dql - J(x)dx, 1<l=<3.
Bgr

For amatrix P = [p;];,1=1,2,3 we introduce a rearrangement operator A : R3*3 — R? as follows

A(P) = (p11, p12, P13+, P31, P32, P33)s

which rearranges the entries of matrix [P in rows into a vector.
Motivated by [16, Section 6], we consider the expectation of the correlated integrals and obtain

El,,;(d, (k+t)1,,(d. k)]
= [ [ertermtrdticpip, goip - @M
R3R3
- f / ¢TI0y A Ay pT) . AT ()] ()T Idydz
R3 R3
= / / e MO Ap i p) - AK 5 (v, 2))dze TV dy
R3 R3
= / A(p;p[) - AM(y)e ™ dylkd|™" + O (k| ™"
R}
=A(p;p]) - AM(zd)k™ + O™, (2.10)

and
Ellp,;j(d, (k+1))14:(d, k)]

://e—i(k+r)d‘yeikd~Z]E[pj,J(y)ql.J(Z)]dydz
R3R3
- / / eIy TR Ay g Ty AT (1) (2))Idydz

R3R3

= / / e MO A(piq]) - AKy (v, 2))dze TV dy
R3R3
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= / A(p;q)) - AM(y))e ™ Ydylkd|™" + O (k| ")
R3

=A(p;q)) - AM@Td)k™ + 0k, (2.11)
where the matrix M is the Fourier transform of M given by M(Sj) = (m; i (EN1<i,j<3 with

mij(§) = fR3 mjj (x)e 6 dx. Here K 7(y, z) is the kernel of the covariance operator.
Similarly, we have

E[l, ;(d, (k+1)1,,d, k)]
= Alq;p])  AM@d)k™ + 0k, (2.12)

and

E[l, j(d, (k+1))1,,(d, k)]
= A(q;q]) - AM(zd)k™ + 0. (2.13)

On the other hand, by a direct calculation we obtain
Alp;p/ +p;a +a;p +4;4))=Aleje)),
which yields
Ap;p +pia +a;p +a;4) AM(d) =iy (zd). (2.14)
Thus, according to (2.14), by adding (2.10)—(2.13) we derive
i (rd) = k" (]E[Ip,j(d, k+ )T, (d. 0]

+EUp,jd, (k+1))1g,:(d, k)]
+Elly.j(d, (k+1)p1(d, k)]

_ 1
+E[I, (k—i—r))lq,l(d,k)]) + 0(%). (2.15)

Now we connect the unknown strength M with boundary measurements. Introduce the test
function E™™(x) = ge**?. By eliminating H, we obtain the decoupled Maxwell system for the
electric field E:

Vx(VxE)—kE=ikJ inR>. (2.16)
It is easy to verify that E™ satisfies the homogeneous Maxwell equations in R3:
V x (V x E™) — [2E™ = . (2.17)

Multiplying the both sides of (2.16) by E'" with ¢ = q,, = 1, 2, using the integration by parts
over B and (2.17), we obtain
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ik / g e %Xy (x)dx
Bg

- f (ikTM(E(x,k) x ) - E™ 4 (E(x.k) x v) - (V x Eim)) ds,
dBp

which gives

ikl (d. k) = — / (ikTM(E(x, k) x ) - EM™ 4+ (E(x, k) x v) - (V x Ei“°)> ds.  (2.18)

3Bg

On the other hand, since V- J =0and p; || d, we have

Ip,j(d,k)=/e*”<”pj-J(x)dx:c,-/e*ik*dd-J(x)dx
Bpr Bg

- —,C—]i f V(e ke dy . J(x)dx = f_/i /(e—i"X'd)v - J(x)dx =0, (2.19)
1
Br Br

where c is the constant such that pj= cjd Combining (2.15) and (2.18)—(2.19), we obtained
the following formula which connects the expectation of the correlated boundary data and the
strength of the random source

4
i(rd) = KB, ;(d, (k + 1)1, 1. %) + 0(§). (2.20)

Based on (2.20), we have the following uniqueness result.

Theorem 2.3. Let J satisfy Assumption 2.1. Then for all d € S* and t > 0 it holds almost surely
that

2T
1 -
lim ?/k"(IE[Iq,,-(d, (k+t))Iq,1(d,k)])dk:n’ijl(rd), 1<j1<3. 2.21)

T—o00
T

Remark 2.4. Notice that functions 71 ; are analytic since m j; are compactly supported. Thus,
with the help of analytic continuation, the above theorem implies that the strength M =
[mjil1<j,i<3 can be uniquely reconstructed by (2.21) with (r,d) e I' where ' =7 x O is an
open set of Rt x S2. Here Z is an open interval in R* and @ is an open set of S,

Remark 2.5. The assumption J € B is a technical assumption which is sufficient for the study
of the inverse problem. However, it is not known if this condition is also necessary.

8
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2.3. Stability for the inverse random source problem
In this section, we derive a stability estimate for Problem 2.2. Define a function space
Cs:={H=1[hjili<ji<3 € CD: R hjill sy < Q.1 < j.1 <3}
with constants Q, s > 0. We introduce the correlation boundary data

ik, T,d) =k"E[l, ;(d, (k +1))I,1(d, k)]

and

€l = SUPke(0,K),deS2 e, 1) €1 (k. nk, d)], (2.22)
where K is an arbitrary positive constant.

Theorem 2.6. Assume that J satisfies Assumption 2.1 with J € B and M € Cy. There holds the
following stability estimate

2 2
”ij”LZ(]RS) S KU‘IG'

]l+

1 .
Ko g’ 1<j1=<3, (2.23)
Jjl

where E j = |loge | with € j; being defined in (2.22), ay = ﬁ, ay = %, and oz = 2sST

Hereafter, the notation “a < b” stands for a < Cb where C > 0 is a generic constant. We also
use the notation ¢ to denote a positive constant. The values of the constants ¢ and C may change
step by step but should be clear from the context.

Remark 2.7. The stability estimate (2.23) consists of two parts: a Lipschitz stability and a loga-
rithmic stability, where the latter diminishes as the upper bound K of the wavenumber increases.

In what follows, we prove Theorem 2.6. The strategy is to show that the data €;(k, 7, d) is
analytic with respect to complex wavenumber k and apply a quantitative analytic continuation in
complex theory.

Noting the explicit representation (2.7) of the electric field, from direct calculations, it is easy
to see that the right hand side of the identity (2.20) can be written as a sum of integrals of the
following form

I1(d, k) :=k”_1/ ///K(i,&)P(x,y,i,ﬁ)didj}dxdy, (2.24)

0BrOBr D D

where K is some entry in the kernel matrix K j of the covariance operator for the random source
and P has the following form

kz_‘al_‘ﬂ‘BgG(x, f)a;,gG(y, y)e—ik(x-d1+y.d2),

9
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1 eikle-yl
4 |x—yl

where a, g € N3 with ||, |8] < 1. Here G(x, y) = . Moreover, we have

Ik|eklls=y1 olkllx—y
VG (x, Y], IVyG(x, )| S

+ . (2.25)
lx —yl lx — yI?

To estimate I (d, k), the following lemma is useful which is a corollary of Lemma A.3.
Lemma 2.8. Let the random function J satisfy Assumption 2.1. Each entry of the covariance

matrix kernel function K y = [K;jl1<i,j<3 has the following form:
(iIfa<n—-2<a+41lwitha=1,2,3..,

Kij=cm;j(x)|x — yI"3 4 Fulx, y)

where ¢ is a constant dependent on n and Fy,(x,y) € C**(R3 x R?) witha € (0,n —2 — a).
(i) If2 <n <3,

Kij = cmij(x)|x — y" 3 + Fu(x, y)

where ¢ is a constant dependent on n and Fy,(x, y) € C%¥(R3 x R3) with o € (0,n — 2).
(iii) If n = 3,

Kij =cmjj(x)log|x — y| + Fu(x, )

where c is a constant dependent on F,(x, y) € C%*(R3 x R3) with o € (0, 1).
For all of the above three cases, we have

| Fullzoo(pxpy S M.

Denote a sectorial domain by S = {z € C : |argz| < 7/4}. We show that I is bounded and
analytic with respect to k = k; +iky € S.

We first consider the case when n > 2 and n # 3. We have from Lemma 2.8 that the kernel
K (%, y) has the representation

K& ) =em@)|F - 3" + F.(&, ),

where m(X) is some entry in the matrix M(x). Therefore, noticing that D N d Bg = ¢, the fol-
lowing estimates

/ff/|K<x,y>P<x,y,x,y;k>|dxdyds<x>ds<y><oo
d0BrdBr D D
and
////|K(f’)~7)3kp(x7y1f,)~’§k)|dfd§d5(x)dS(Y)<00
9BrdBg D D

10
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hold for k € &, which gives that /(d, k) is analytic with respect to k € S by the dominated
convergence theorem. Moreover, we have for k € S that

[1(d, k)| < |k H—lel=1Bl gelk]

x / / / / 19%G (x, 9P Gy, PIm(ED)IF — 7" + M) didjds 0ds(y)
9BrdBr D D

< [kl 18] el

X / ///|8“G(x,)~c)8ﬂG(y,5/)|(|)?—§|”_3+l)d)?dids(x)ds(y). (2.26)

dBRdBgr D D
Then from (2.25) we obtain the following estimate
1@, )] S K" e+ [kD)? < e (2.27)
by n > 2.
For the case n =3, as K(¥, y) = cm(x)log|X — y| + F, (X, y) by Lemma 2.8, we can derive
the estimate (2.27) in a similar manner.
Based on the analysis above, we derive the analyticity and an upper bound for 7 (d, k) with

respect to the complex wavenumber k € S. In summary, we arrive at the following lemma.

Lemma 2.9. The integral I1(d, k) is analytic with respective to k € S. Furthermore, the following
estimate

11(d, k)| S e
holds for k € S.

According to (2.15), we have

mi(ed) = e(k, 7.d) + 0(%),
where
ek, t.d) =k"E[1, j(d, (k + 1)1, ©). (2.28)

Taking T = nk with n € (0, 1), we have the inequality

— - 1
Imji§)I S sup |6(k,n,d)|+z, 1§ <k, (2.29)
n€(0,1),deS?

where
ék,n,d).=ek,nk,d)

11
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As a corollary of Lemma 2.9, we have the following lemma.
Lemma 2.10. It holds that € (k, t, d) is analytic with the following estimate for k € S
Gk, n, )] S e,

The following analytic continuation principle [8, Section 3] is useful in the subsequent analy-
sis.

Lemma 2.11. Let U (z) be an analytic function in S and continuous in S. If

[U(z)|<e, ze€(0,L],
U@ <V, z€S,
U(z)| =0, z=0,

with constants €, L, V > 0, then there exists a function |1(2) satisfying

n(z) = 1/2, ze(L,2'L),
{ n@ =7 N /L) -2, ze@Y4L, 00)
such that
U@@)| < VetD, Vze(L,o0).
Denote

€2 = SUPc (0. K).deS? e, € (k. k. d)], (2.30)
where €(k, 7, d) is defined in (2.28) and K > 0 is a positive constant. Using Lemma 2.9-2.11, we
have the following important lemma, which provides an estimate of the data at high wavenumbers

by the data at small wavenumbers.

Lemma 2.12. There exists a positive constant ¢ > 0 such that the following estimate holds uni-
formly forn € (0,1) and d € S?

&k, n,d)| S e Wet, ke (K, o00)
with the function (k) satisfying

k) > 1/2, ke (K,2'4K),
wk) =7 ((k/K)* —1)"12 ke @K, o).

(2.31)
Proof. We first extend |é(k, n, d)|? from k > 0 to k € S. To this end, let
Uk)=(—1)"ék,n,d)é(—k,n,d), keS8,

12
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which is analytic and continuous for k € S. Noting u(x, k) = u(x, —k), we have U(k) =
|é(k, n,d)|* for k > 0, which is useful for the subsequent application of analytic continuation.
It follows from Lemma 2.9 for k € S that

U (k)| < e“¥,

which yields |e_CkU(k)| is bounded. Obviously, for k € (0, K], one has |e_CkU(k)| < €. Ap-
plying Lemma 2.11 to e =¥ U (k) gives

le= kU (k)| <P ke (K, 00)
where (k) satisfies (2.31). Thus, we have
1E2(k, n,d)| S e Pe ke (K, 00),

which completes the proof. O

The proof of Theorem 2.6 follows the arguments in [19, Theorem 4.1] by applying
Lemma 2.12 and an analytic continuation principle. The proof is presented in Appendix for
the reader’s convenience.
3. Biharmonic waves
3.1. Problem formulation

In this section, we consider the biharmonic wave equation in two and three dimensions

Au—k*u=f in RY (3.1)

where d = 2,3, and k > 0 is the wavenumber. The scattered field u and its Laplacian Au are
required to satisfy the Sommerfeld radiation condition

lim r 7 (Bpu —iku) =0, Lim r7 (8, (Au) — ik(Au) =0 r=|x]|. (3.2)
r—00

r—o0

The source f is assumed to be a generalized microlocally isotropic Gaussian random field of or-
der —n such that its covariance operator is a classical pseudo-differential operator with principle
symbol i (x)|&|™", where h is called the micro-correlation strength of the random source. In this
work, we require the random source f to satisfy the following assumption:

Assumption 3.1. The random source f is a real-valued microlocally isotropic Gaussian random
function of order —n in the bounded Lipschitz D such that n > d — 1 with zero expectation.
Its covariance operator has the symbol ¢ ¢ (x, &) = h(x)|]™" 4+ ay(x, &) with principal symbol
h(x)|&]™" which satisfies the conditions: (i) |2 (x)| < M forx € D; (i) [cr(x, )| < MA+|ENT"
for & € R? and x € D; (iii) |a s (x, &)| < M|E|~"*D for |&] > 1 and x € D.

13
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Under Assumption 3.1, the direct scattering problem (3.1)—(3.2) is well-posed (cf. [15, Theo-
rem 3.2]). Moreover, the solution has the following explicit from

u(x):/cb(x,y)f(y)dy, (3.3)
Bg

1

T (Gk (x,y) — Gig(x, y)) is the fundamental solution of the biharmonic

where ®(x,y) =
waves. Here

i 1
THPx =y, d=2,

Girl=yl

Gy(x,y) = p

Amlx—yl’ 3.

It is shown in [7, (18)] that there exists Dirichlet-to-Neumann operators 77 and 7> such that
opu =T (u, Au), 0,Au=T>(u, Au) ondBg, (3.4)

which means that d,u and 9, Au can be computed from u and Au on 0 Bg.
We consider the following inverse random source problem from Dirichlet boundary data.

Problem 3.2. Let f be the random source with the compact support D under Assumption 3.1.
The inverse random source problem of biharmonic waves is to determine the strength 7 from the
Dirichlet boundary measurements u, Au for x € d Bg.

3.2. Uniqueness for the inverse random source problem

Letd;,d, € S4=1. Consider the covariance of the Fourier transform of f, which can be
expressed by

E[f(kd) f (kd)] = E //ﬂMﬂwa”fM”Mw

Br Bx
— / f Kf(x, y)e—ikdl‘xe—ikdry dxdy
Bg Bx
— / / / e itkdyxtkdyy) pix=y) L oy ¢)dcdxdy
Br BR R4
_ / / e EKAD o 0V8 (¢ + kdo) dedx = / i tkdibkd) (k) dx
Br R4 Br

zfe—ix-(kd1+kdz)h(x)k—ndx+O(k—(ﬂ+l))
Br

=k "h(kd| + kda) + O (k—"tD).

14
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Therefore, we obtain
n A~ A~ 1
h(k(dy +dz)) =k"E(f (kdy) f (kd2)) + O (;) (3.5

where f and h are the Fourier transforms of f and h, respectively.

Next, we connect the covariance E[ f (kdy) f (kd>)] to boundary measurements. To this end,
multiplying both sides of the equation (3.1) by ¢**j  integrating by parts over Bg and noting
that e**'4j satisfies the homogeneous biharmonic wave equation

(Az _ k4)eikx-dj — 0’
we obtain

fikdy) = [ rwe i
Br

= / (E)V(Au(x,k))e_ikx‘df—Au(x,k)aue_ikx‘df)ds

3Bg

+/(8vu(x,k)Ae_ikx'df—u(x,k)BV(Ae_ikx'df)>ds, j=1,2.
dBg

Then we have

E[f(kdy) f (kd2)]

=kt ) E[8%u(x, k)dPu(y, k)] e kdi+d2)
‘aHﬂlSlBBR 9Br

x (—ikdy - %) (—ikds - $)'7Blds (x)ds(y)

—2k? Z E[0% Au(x, k)P u(y, k)] e k@di1+d2)
|‘¥Hﬂ\§133R 9Br

x (—ikdy - %) (—ikds - $)'7Blds (x)ds(y)

+ ) E[8% Au(x, k)8 Au(y, k)] e~ kdi+d)

‘“HmSlaBRaBR

x (—ikd - )71 (—ikd, - $)'Blds (x)ds (y)

3
=Y Ij(k.dy.dy). (3.6)
j=1

Combining (3.5) and (3.6) we obtain

15
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3
R 1
hk(di +d) = k"3 1;(k, dy,dy) + O <%> . (3.7)

j=1

Theorem 3.3. Let f satisfy Assumption 3.1. Then f is uniquely determined by the correlation
near-field data 1;(k,d1,d2), j =1,2,3, whered,d> € S k € [Ko, +00). Here K is a pos-
itive constant.

Proof. Let Ko > 0 be an arbitrary positive constant. It suffices to prove that /;(k,dy,d>) =
0,j=1,23,forallk > Koandd;,d> € ST! gives h(£) = 0 for all £ € R It follows from {& :
£ =k(d| +d>)} = {&:|£| <2k} and (3.7) that, for any & € R, there exists k > 0 sufficiently

large such that
/:l(é()) =0 !
k)’

Letting k — oo yields ﬁ(éo) = 0, which implies & = 0 by taking the inverse Fourier transform.
The proof is complete. 0O

Remark 3.4. In fact, with the help of analytic continuation, f can be uniquely determined from
the data {/;(k;,d,d>) : j e Ny,dy € I'1,d, € I'2}, where I'y, I'; are open sets of S?-1 such
that 'y N (=) # ¥ and {k, : n € N1} C [Kp, +00) is a sequence which goes to infinity.

3.3. Stability for the inverse random source problem

In this section, we consider the stability for Problem 3.2. Define the boundary measurements

3
&7 (k. dy,d2) =k" ) |1k, dy, do)|?
j=1

and

et = sup g2k, dy, d), (3.8)
kE(O,K],dl,dzeSd_l

where K is a positive constant. Define the function space Hy = {h € C;°(D) : ||hll ysray < O}
with s > 0, QO > 0. The following stability for inverse random source problem is the main result
in this section.

Theorem 3.5. Assume that f satisfies Assumption 3.1 and the strength h € Hy. There holds the
following stability estimate

12172 ey S KP1e? + (3.9)

KB EB3’
where E = |loge| with € being defined in (3.8), B = %, B = 3(2Y+d), and B3 = 2gid'
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We prove Theorem 3.5. From (3.7) and noting
tk(di +d2) dy dr STy = (£ e R 15| < 24),
we derive the following estimate for all || < 2k
2en2 < 1.2 - 2, 1
h@P <k ";uj(k,dl,dm + 5
We prove the stability following the strategy for Maxwell equations, that is, we show the

analyticity and derive estimates of the data with respect to complex wavenumber k € S. To
achieve this goal, we study one term in the sum of /1, which is

[k, dy, do) = k' f / E[9ouCx, )y, k)] e @4 dg(r)ds ().
dBR 0Bg

The analysis of the other terms follows in a similar manner.
Forn > d — 1 and n # d, as before, by Lemma A.3 we have

Ky(x,y)=ch(x)|x —y["™ + F,(x, ).
Therefore, letting

L(x,y, T, 15 5) = 3y () P(x, T)By(y) D(y, 1)eKrdityda),

we have
/ ///|Kf(r,t)L(x,y,r,t;k)|drdtds(x)ds(y)<oo, (3.10)
dBr3Br D D
/ ///|Kf(f,t)8kL(x,y,r,t;k)|dtdtds(x)ds(y)<oo. (3.11)
9BrdBr D D

As a consequence, the derivative can be taken under the integral which yields the analyticity for
k =k + iky € S. Moreover, we derive the following bound

1] S kel / f / / 1800 @(x, T)u(y) @y, DI (R (T)|T — 11"~ 4+ M) drdrds (x)ds(y)
9BrdBr D D

5k”+4eclk|f f/[|8v(x)(1>(x,r)8,,(y)<l>(y,t)|(|r—t|”_d+1)drdtds(x)ds(y).
9BrdBr D D
(3.12)

In the following analysis, we focus on the two-dimensional case, which is d = 2. We start
with studying the Green function in two dimensions which is a sum of Hankel and modified
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Hankel functions. The analysis for d =3 will follow in a similar manner. In fact, since the Green
function in three dimensions has an explicit exponential form, the analysis for d = 3 is easier.
From [10, (1.14)], we have the following integral form of the Hankel function

o
Hél)(z)=Cei1/eiss71/2(s/2—iz)’l/zds, (3.13)
0

where C is a constant, and the branch cut of \/z is chosen such that ,/z is analytic for z €
C\(—00,0] and +/T = 1. Notice that ®; (x, y) = L H\"” (A|x — y|). For & € Q := C\(—00, 0l
we have /s/2 —ik]x — y| € C\(—00, 0] for any x, y € R? and s > 0. Moreover, from (3.13) we
have the estimate

Oyl T o) lx—yl
| D5 (x, YIS f “1d , reQ, (3.14)
a(A)]x —yl , «/a(k)lx— |
where a_ :=max{—a, 0} and «(}) is given by
NRA|, A <0,
wy = |1 3=
[Al, JA > 0.

Thus, noting ®(x, y) = ﬁ(Gk (x,¥) — Gix(x, y)), we obtain

k| elkllx—1 eIKllx—yl

L 1 3
k(x =12 k2 =y

v (y) P (x, y)|<k2< ) keS8, xeD,yedBg.

Then in a similar manner as the derivation of (2.27), we obtain

11 S 1k Te M + (k)2 (3.15)
We can also obtain the estimate | 7| < k" ekl 4 k)2 ford =3 by investigating the more explicit
exponential fundamental solution in a similar way. In summary, by n > d — 1, we obtain the
following estimate

1| < k™31 4 k)2 < e keS, d=2,3.

Now we extend |I (k,dq, d2)|2 to the complex plane. Because the radiating solution to the
biharmonic wave equation satisfies u(x, k) = u(x, ik), we define

s%(k,dl,d2)=k2<”+8>/ /E[Buu(x,k)avu(y,k)]eik(d‘+d2)ds(x)ds(y)
dBR 0B

x/ /E[avu(x,ik)avu(y,ik)]e*ik(dﬁdz)ds(x)ds(y), kesS.

9Br dBg
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Note that for k > 0 we have
ek, di,dy) =1k, dy.do)|*.
By this extension, we have that 8%(]{, d1, d») is analytic for k € S with the estimate
67k, d1,d2)| S M.
Denoting

2 2
£] = sup ek, dy,d>),
dy,d>eS4! ke(0,K]

and following the argument of applying analytic continuation for proving Lemma 2.12, we have
the following lemma.

Lemma 3.6. We have the estimate
2k, dy,dy) S e Pk, ke (K, o00)

with the function u(k) satisfying
u(k) =172, ke (K, 2'4K), (3.16)
uk) == (k/K)* = D712, ke 24K, 00). '

Since the analysis for |1 (k,d, d?) |2 can be carried over to the sum |1k, dy, d))|?, a similar
lemma as Lemma 3.6 also holds linking 82(k, di,d>) and g2 Asa consequence, Theorem 3.5
with d = 2 can be proved by following the argument of analytic continuation leading to Theo-
rem 2.6. The stability for d = 3 follows in a similar manner. Thus, we omit the relevant proofs
for brevity.

4. Conclusion

In this paper, we address the inverse random source problems for electromagnetic and bihar-
monic waves in a unified framework. The source is assumed to be a GMIG random field whose
covariance is a classical pseudo-differential operator, and the inverse problem is to determine the
principle symbol of the covariance operator for the random source. Uniqueness and stability are
achieved by using boundary measurements at multiple wavenumbers. The analysis requires the
Dirichlet data only at multiple wavenumbers in a finite interval. The stability estimates consist of
the data discrepancy and the logarithmic stability. The result shows that the ill-posedness of the
inverse source problems decreases as the wavenumber increases for the data.

A possible continuation of this work is to investigate the inverse random source problems for
the stochastic wave equations in inhomogeneous medium. In this case, the approach adopted in
this paper is no longer applicable. Another more challenging problem is to study the stability
of determining a random potential in wave equations. We hope to report progresses on these
problems in the future.
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Appendix A. The GMIG random field

In this section, we introduce the generalized microlocally isotropic Gaussian (GMIG) ran-
dom fields which are used to characterize the random source considered in this paper. Let
D:=Cg° (R%; R) and D’ stands for its dual space. Given a complete probability space (2, A, P),
a real-valued random field g : Q2 — D’ is called a generalized Gaussian random field if w >
(g(w), ¢) is a real-valued Gaussian random variable for all ¢ € D. Obviously, g(n) can be ex-
tended to the space of complex-valued smooth functions with compact support as follows

(8(@), ¢) = (g(w), Np) +i(g(w), 3¢), ¢ € CFR?;C).
The expectation Eg € D’ and covariance Cov g : D x D :— R are respectively defined by
Eg:¢—>E(g.¢), ¢€D,
Covg : (@1, ¢2) > Cov((g, ¢1), (8. #2)), 1,2 €D,

where

Cov((g, 1), (g, ¥2)) = E[((g, ¢1) — E(g. #1) ({8, ¢2) — E(g, $2))]

Define the covariance operator C, by

(Cgo1, ¢2) =Cov((g, ¢1), (g, $2)), ¢1,92€D.

Let K4 (x, y) be the Schwarz kernel of Cy, i.e.,

(Cg¢1,¢>2)=//¢2(y)Kg(x,y)¢1(X)dxdy~

RIR4

In this paper, we consider the generalized Gaussian random fields with zero expectation de-
fined as follows.

Definition A.1. A generalized Gaussian random field g with zero expectation is said to be mi-
crolocally isotropic of order —n € R in a bounded Lipschitz domain D c R if its covariance
operator Cy is a classical pseudo-differential operator of order —n with the principal symbol
w(x)|&]7", where wu(x) € Cy° (R?: R) is a real-valued function with suppu CC D. Here pu is
called the micro-correlation strength of g.
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Let ¢, be the symbol of the operator Cy, i.e.,
Co(@)(x) = 2m) ™ f ey (x, E)p(E)dE, ¢ eD,
Rd
which gives
Ke(x,y) = @m)~ f P (x,£) e,
]Rd

The following lemma [14, Lemma 2.6] concerns the regularity of the GMIG random field.

Lemma A.2. Let g be a GMIG random field of order —n in D. Then g € W%*‘s’p(D) almost
surely forall 5 > 0and 1 < p < oo.

Throughout this paper, we consider GMIG random fields of order —n with n > d — 1. In this
case, there holds the following results for the kernel [6, Lemma 4.1].

Lemma A.3. Let g be a GMIG random field of order —n in D. The covariance function K¢ (x, y)

has the following form:
()Ifa<n—d—-1<a+1witha=1,2,3...,

Kg(x, ) = cu(@)lx — y" ™ + Fu(x, ),

where c is a constant dependent on n and F,,(x,y) € C*Y (R? x RY) withy € (0,n —d —a+1).
(ii)Ifd—1<n<d,

Kg(x, ) = cu(@)lx — y|" ™ + Fu(x, ),

where c is a constant dependent on n and Fy,(x,y) € CO7 (R? x RY) with yeO,n—d+1).
(iii) If n = d,

Kg(x,y) =cu(x)log|x — y| + F,(x, y),
where c is a constant dependent on F,(x, y) € C%7 (RY x RY) with y € (0, 1).

Now we consider generalized Gaussian random vector fields in three dimensions. Its definition
is given as follows.

Definition A.4. A vector field g = (g1, g2, g3)T is said to be a real-valued GMIG random field
of order —n in D if each component g;, j =1, 2, 3, is a real-valued GMIG random field of the
same order —n in D.
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Thus, according to the definition of scalar-valued GMIG, the expectation Eg € (D’)? and
covariance Cov g : D3 x D3 — R are defined as follows

Eg: ¢+ Elg,¢), ¢eD’,
Covg : (¢1,¢2) > Cov((g, d1), (8. 92), ¢1,6,€D,

where

Cov((g.91).(g.92) =E[(g.¢1) —E(g.91))((g.d2) —E(g.d,))].

The covariance operator Cy is defined by

(Cey, 02) =Cov((g, 1), (2. 62), 1.0, €D

Let the 3 x 3 matrix-valued function K (x, y) be the Schwarz kernel of Cg, i.e.,

(Ced1.92) = / / $>(»)" Kg(x, )¢ (x) dxdy.
R3R3
As g is microlocally isotropic of order —n, the covariance operator Cy is a classical pseudo-
differential operator with the principal symbol M (x)[&|™", where M(x) € C3° (R3; R33) is

a smooth real-valued matrix function with suppM CC D. The matrix M is called the micro-
correlation strength matrix of g.

Appendix B. Proof of Theorem 2.6

We assume € < e~ L. Let

1 1

2 1

3FE% i
A= K3E4, 24]K

K, E1

Wl

<
1

2

W= =

)

E
K

IA
IN

If24K3 < E7, we have A > 23K > K. Then for k € (K, A], applying Lemma 2.12 yields
€2k, n, d) < 20 gk

< exp {A 2E(k/K) = 1)72 }

2F
gMzexp{KgE}* ——(k/A)2}
T

21 1 1
Sexpy—2K3E? I_EE a)t.

Noticing that € < e~ ! implies
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we have

2
3

3E

Bl—=

}< o (B.1)

ez(kv nvd)sexp[_[( ~ 2 1 :
(KZEHV

Here we have used e ™* < N!/xN for N € N and x > 0. Combining (2.29) and (B.1) gives the
estimate

- 1 1
51 (&)* < =+ KiEhy E] < A,

E?)
which yields
— _ 1
i) d& S A4 AY ———. (B.2)
£|2AY (KSEz)N
By the condition ||m ji|| s g3y < Q, we obtain
QRS (B.3)

A2vs’
[&]>AY

Let N> 1 and y = ﬁ such that % - %y > %(2 —3y) = %ys. Therefore, in view of

(B.2)—(B.3) we have

— . _ s 1 1
lm il 72y = / |1 (&) dg + / mji1(€)*dg S E 3( +ﬁ>,

8s
lg15AY lg1> A7 ke
where B =1+ %N — % It is easy to verify 8 > % which gives
lmjil 7y S —s——— (B.4)
K 305t E %93
If 2% K 3 >F %, from direct calculations we have
lmjil72 ) = / |1 (8)1* d& + f |mj1(€)]* d&
|E|=KY |§|>KY
6 2d 1
SK¥ne 4 —— SKFnel b ———. (B.5)
K +3 K 30st3) E 3543

Combining (B.4) and (B.5), we complete the proof.
Data availability
No data was used for the research described in the article.
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