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ABSTRACT

This paper introduces an inverse problem for a stochastic damped wave equation, in which the source is driven by a
fractional Brownian motion. The well-posedness of direct problem is obtained by analyzing regularity of the solution
for the equivalent stochastic initial value problem in frequency domain. The inverse problem involves recovering two
initial values and a random source simultaneously. It is shown that the mean of final observations at two different
moments uniquely determines the initial values. Additionally, for inversion of random source, it is demonstrated
that its sine modulus can be uniquely determined by the variance of final observations. Based on this sine modulus,
recovering the unknown random source can be transformed into a well-known phase retrieval problem, which can
be successfully solved using the methodology of phaselift. Finally, numerical examples are presented to demonstrate
the effectiveness of this method.

MSC2020 Classification: 35R60, 35R30

1 | Introduction

Motivated by the significant applications in scientific and industrial fields, there has been remarkable progress in the
study of damped wave equations and their variants in the last decade. Several notable contributions have been made in
analyzing the regularity and asymptotic behavior of solutions, such as the works by Sjostrand in [1] on the regularity
of solutions. The one-dimensional problem on unbounded domains was investigated in [2], while its three-dimensional
counterpart was studied in [3], extending the previous results. The well-posedness of the problem on bounded domains
was addressed in [4], and the strongly damped wave equation was considered in [5]. Inverse problems for damped wave
equations have also garnered attention, with some recent advancements in inverse source problems and inverse initial
value problems, as seen in [6-8]. It should be noted that the terminal value problem for the deterministic strongly damped
wave equation poses severe ill-posedness issues, as discussed in [8, 9].
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In recent years, there has been an emerging trend of incorporating randomness into inverse source problems to account
for uncertainty in real-world scenarios. Notably, research has focused on the Helmholtz equation and diffusion equations,
with investigations into the inverse random source problem. In [10], it was demonstrated that the correlation of the ran-
dom source can be uniquely determined when the correlation of the random wave field is known. Works such as [11-14]
have extensively explored the regularity of mild solutions and developed computational methods for recovery, utilizing
boundary measurements of the random wave field at multiple frequencies to obtain statistical properties of the random
source, such as mean and variance. Furthermore, research has tackled the scenario of incomplete data, as exemplified by
[15], which employed Fourier transform and the fundamental solution to analyze mild solutions and proposed a numer-
ical method based on phaselift for recovering unknown random sources. Studies on stochastic wave equations have also
examined the asymptotic behavior of solutions, as observed in [16, 17].

Regarding inverse problems with random sources driven by fractional Brownian motion, an inverse source problem has
been investigated in [13], while an inverse initial value problem for a damped wave equation with a random source driven
by a fractional Brownian motion was studied in [18]. However, although important, research on recovering both initial
values and random sources is still in its early stages. A noteworthy global uniqueness result for stochastic wave equations
with three unknowns was obtained in [19] using a global Carleman estimate.

Inspired by [13, 15], this paper considers recovery of initial status and a random source simultaneously for a damped wave
equation as follows:

o u(x, 1)+ a(t)ou(x, 1) — Au(x, t) = f(x)BH(t), (x,t) € Dx(0,T],
u(x,t) =0, (x,1) € 0D x (0, T), (1.1)
u(x’ 0) = p(x)’ azu(x’ 0) = q(x), X € Bs

where D ¢ R? is a bounded domain with Lipschitz boundary oD and a(¢) is a continuous non-negative damping coeffi-
cient. Here f(x), p(x), g(x) are deterministic functions with compact supports in D. B¥ (t) with Hurst parameter H € (0,1)
stands for the temporal fractional Brownian motion(fBm) defined on a complete probability space (Q, F, P) and B" ®)
denotes the formal derivative of B with respect to the time ¢. In particular, when H = % the fBm becomes the classical
Brownian motion and B () becomes the white noise. More details of the fBm can be found in [13].

In this paper, we are interested in the inverse random source problem, that is, to recover f and p, g from the final-time
observation, that is, u(x, T'). For the forward problem (1.1), the uniqueness and existence of path-wise mild solution can be
examined in frequency domain by Fourier transform. For the inverse problem, the initial values p(x), g(x) can be uniquely
determined by the mean of u(x, T}) and u(x, T,). Moreover, the sine modulus | f| or the Fourier modulus | £ is proved
to be uniquely determined by the variance of solution in frequency domain. The recovery of source function f from | f],
however, does not have the uniqueness since the phase information of f is absence. Inspired by the authors’ previous
work [15], we adopt the method so-called phaselift which uses random masks to collect additional measurements of the
modulus | /| to determine | f| uniquely.

The paper is organized as follows. Section 2 is devoted to the well-posedness of the forward problem. Section 3 is concerned
with the inverse problem, that is, to reconstruct the initial function p(x), g(x) and source function f via the mean and
variance data from two different moments u(x, T;) and u(x, T,). Precisely speaking, the mean is used to recover initial status
and the variance data is for random source by solving a phase retrieval problem, respectively. Numerical experiments are
implemented in Section 4 to demonstrate the validity of proposed methodology. Section 5 concludes several remarks.

2 | Direct Problem and Formulation

In this section, we discuss the well-posedness of the direct problem for Equation (1.1). Let {4, ¢, } ;2 | be the eigensystem
of the operator —A with the homogeneous Dirichlet boundary condition in D. It is known that the eigenvalues {4}
satisfy0 < 4y <4, <--- < 4 <+, 4 = 00,as k — oo and the eigen-functions {¢, }* | form a complete and orthogonal
basis in L?(D). To seek the mild solution of (1.1) in L?(D), we have

oo

u(x, 1, @) = Y i (1, )y (),

k=1
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where w € Q and u, (7, w) satisfies stochastic ordinary differential equation

B, u(t, ) + a()du(t, ) + A (t,w) = £, B (1),  1€(0,T), @D
u (0) = py, i (0) = g
Here f, = (f, ®) 12Dy Pk = (P> @i) 12Dy and g, = (q, @i) 12Dy
Letii, = | " |, m o= 0 1 and f = 0 then we can rewrite the Equation (2.1) as follows
, 0y Pk — A —a(®) k S ’ ’
dii, = M, ()i, dt + f,dB" (1),
- p (2.2)
i,(0) = l k ] )
dx
Then, the mild solution of the Equation (2.2) takes the form
4 -
iU, (t, ) = D (t) [ﬁo + / &' (1) fkdBH(r)], (2.3)
0

where @, () is the fundamental matrix which satisfies the initial problem @/ (1) = M, ()@, (1), ®,(0) = I,,,. Here I,,,

Dr1(0) b0
/ /
k1 &, 0

denotes an identity matrix of second order. Denote @, (t) = [ ] and det @, (¢) as the determinant of @, (¢).

Notice )
[det @, ()] = trace(M(t))det @ (1),
det @,(0) = 1.
Hence det @(t) = e~h9®s > 0 k € Nand @ (1)} = — (20 ~bral®) . Substituting it to the mild solution (2.3)
k > k det @ (1) | — ;6’1(1) Bi1(0) )
we get

u(t,w) = ¢k,1(t)l7k + ¢k,z(t)qk

+ £y / [~ 11D 2(0) + D2 (D1 ()] e O d BH (2). (2.4)
0

Denote g,(t, 7) = [~¢y1 (s 1 (7) + P (Db 1 (7)] eo @5 X{e<t)» Where t € (0,T). Then u,(f, ») can be rewritten as:
w (@) = I, (O + T o(0) + I, (1, o), (2.5)

where I, 1(t) = ¢ 1 (Opy, 1 (D) = dp,(Dqy, 113t @) = fk/OTgk(t, 7)d B (t). Then the stochastic process u : D X [0,T] —
L%(D) defined by

u(x, t,®) = Z(Ikyl(t) + L, (1) + I (1, @)@y (), (2.6)
k=1

is a mild solution to the initial-boundary value problem (1.1). In the following, we show this mild solution (2.6) is
well-defined.

Lemmal. Let @ (1) = M ()@ (1), @(0) = Iy,. Then

|1 (D] < 1, | (D) < \/_11_:(’ Vi € [0,T1],

2|lall

Ao (2.7)

2
g, 7l |L2((0.T)><(0,T)) ~ A

Hereafter, the notation a < b stand for ¢ < Cbh where C is a positive constant whose value is not required but should be
clear from the context.
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Proof.  Since both ¢, ; and ¢, , in the fundamental matrix @, satisfy ¢/ + a(t)¢; + 1,¢, = 0, multiplying ¢ () on both
sides and integration by parts gives

1
POy + / a()g)()d + /1k¢k(f)|’ =
Combining the initial conditions and a(?) > 0, we get ¢, ; and ¢, , respectively:

St (D) = 4y = = a2 (DdT - S, (1) <O,
—3 + Ay 2(t) = — [} a(0)¢), 2(r)dr 2(r) <0.
Then we immediately obtain
1

T

|1 <1, [y, <

Moreover,
g (@, o)l |2L?((O.T)><(O,T))
T T :
B / / [~ (0012(0) + B (011 (0] 2 O g Yd e
0 0
T T
> / / (161 (Vb (D + (b1 (2] 2l dat
0 0
T T a 1
< / / 2 Vel grgr < 72 [ —2— ) 202Mlelln < w’ (2.8)
o Jo \ VA Vi A
which completes the proof of (2.7). .

Lemma 2. Assume f(x), p(x),q(x) € L>(D) and non-negative function a(t) € C(0,T). Then the stochastic differential
Equation (2.1) admits a unique mild solution given by (2.4). Moreover, the solution u, (t) satisfy the estimates

1L Ol 5, S Tl
||Ik2()||L2(0T)<T|qk| > (2.9)
|E[||Ik3( w)||L2(0T)] < T2H+1€2Ha”“(°ﬂ|fk|2.

Proof. The existence and uniqueness of the mild solution is obvious hence the proof is omitted. Here, we only show the
proof of (2.9). According to the definition of I , I; , and Lemma 1, it immediately gives

T T
(M1 (- )||L2(0T) Jo 1bua@piPdt < [ |piPdt = Tlp, |,

2.10)
T Iq ? Tlal* . Tlal? (
||Ik2( )”Lz(OT) /0 |¢k2(t)qk |2dt < / == dt A: < /1—1k
Next we consider the estimate of I, ; for different H. For the case H = %, it follows from Ito’s isometry that
[”Ik3( CO)HLZ(OT) [/ 'fk gk(l‘ 7)d B2 (1)’ dt]
. 2 T T
= / E [/ fr8i(, T)dBE(T)] dt = / / | f&x(t, T)|*d7dt
0 0 o Jo
| PT2eean g2

_ 2 2 < Ykt = L 2 2]lall 1

- |fk| ||gk([9 T)l |L2((O.T)><(0,T)) ~ Ak S 11 |fk| e Lon, (211)
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For the case H € (0, %), we have from [14] that
T T
[T AP B = [ /0 e /0 g1, r)dBH(rnZdt]

T T 2
= / [E[ / fkgk(t,‘r)dBH(r)] dt
0 0

T T T
- ‘fkyz/ / . (Z> H-3r _ =3 _(H - l)ri—H/ W3 = oS du| g (1, 7)
o Jo T 2 z
T

2
+/ (8t = g (1.9)) (2 ) #7300 = %)(u—r)"—idu} drdt

T

S IkaZ/OT{/OT[G) H—i(T—T)H—%gk(t,T)]zdr

Tr T \ ) 2
+/ [TE_H</ uH_E(u—T)H_Edu>gk(t,T)] dr
0 T
T T X \ 2
+/ [/ (gk(t,u)—gk(t,r))(E)H‘E(u—r)ﬂ‘zdu] dr}dt
0 T T

= 1f P (S + S, + S5),

_ 2H _ 1 p—1 _ ag-1 . . .
where ¢, = \ /—(1—2H)/1(1—2H,H+§) and B(p,q) = fo tP71(1 — 1)?7'dt. Then simple calculation gives

T T
S, = / / <Z) 2H-1(T _ p2H1 g2 1) drdt
o Jo T

T T
< / / <Z> 2H-L(p _ 1')2H—1ie2”"”Ll drdt
o Jo T A

T2H+1

T r T
S 7e2||a||L1/ (T _ T)ZH—ldT < 7e2||a||L1T2H s e2||a||L1 . (212)
k 0 k 1
Similarly, we have
T T T R . 2
S, = / / rl-2H (/ uH_E(u — T)H_Edu> gi(t, T)dzdt
0 0 T
T T T H-3 H-1 ?
< —eAllalln =21 u' T 2(u—1)""2du ) dr. (2.13)
~ Ak 0 T
Using the binomial expansion leads to
TH—§ H-1 T2H2 S (H-5 z
/u 2u—1) za’u:/u 2y 2 (=2 | du
T T n=0 h
>/ H-1 2H-1-n 2H-1-n
-2 (") ()
e n 2H-1-n
S (H-3)_ D
< (T TZH—I)Z< > > < T2H-1 _ p2H-1 (2.14)
—~ n 2H—-1-n
Combining the above two estimates in (2.13) and (2.14), we obtain that
T
S, < ZeZIIaIILl/ g1-2H (T2 _ TZH—I)ZdT
A 0
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T
< %eznauﬂ/ 7172 (TAH=2 } (4H2) g
k 0

T 2H+1
S £e2||"||L1/ 2 < T lall
Ay 0 A

By the mean value theorem, there holds

2

T T T 5
S, = / / [ / (g, (t,u) — g, (1, r))( UVH=3 (- T)H‘idu] drdt
0 0 T
T T T 1 3 2
5/ / l/ |—|e”””L1( Y2 — )" u] drdt
o Jo T A
S 2||0||L1/ [/ (Ll—T) zdu]

2||a||,_1/ (T —pt1gr < T2 1 2||a||L1 (2.15)
Al
Combining (2.12), (2.13) and (2.15), we obtain for H € (0, %) that

T2H+1 2 2llall
|:||Ik3( a))”L2(OT)] < A |fk| esaliet, (216)
1

For the case H € (%, 1), we also have from [14] and Lemma 1 that

T T
[E[||Ik,3<-,w>||iz(0,n]=[E[ /0 \fi /0 gka,r)dBH(r)Pdr]

T T /T
= aH|fk|2/ [/ / gt t)g (t )|t — 1'2|2H_2d1'1d12] dt
0 o Jo
T T T 4
< OtH|fk|2/ [/ / A_eZIIallLl |7y — T2|2H_2d11d1'2] dt
0 o Jo M
dayT rrr
S iFI |fk|2e2||a||L1 [/ / |Tl _ 72|2H_2dTIdT2:|
k o Jo

2H+1
< T

~

| frl2e2leller, (2.17)
1

with a; = H(QH — 1). Thus completes the proof from (2.11), (2.16) and (2.17). O

Theorem 1. Assume f(x), p(x), q(x) € L*(D) and non-negative function a(t) € C(0, T). Then the initial boundary value
problem of the stochastic differential Equation (1.1) admits a unique solution u satisfying

Elfull; + 12 llleny) £113

+Tlql13 (2.18)

L2(Dx(0,T)) ~ Tl |p| | L%(D) L%(D) L*(D)"

Proof. The existence and uniqueness of the mild solution (2.6) can be easily obtained since Theorem 2 indicates the
existence and uniqueness of the solution of Equation (2.1) which is equivalent to Equation (1.1). Note that the mild
solution (2.6) satisfies

D1y = |25 T + 1o + Lzt o0 O,

L%(D)
= Z(Ik’l(t) + I, (0) + L 51, @)
k=1
[~
<3N (1,0 + 1,0 + I40.) ).
k=1
6 Mathematical Methods in the Applied Sciences, 2026
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Hence, applying Lemma 2 and Parseval’s identity we have

1l ooy = [/ DI 2, d ]
T [+3) © [+3)
E l / (21,3,10) + YL+ ) I co))dt]
0 k=1 k=1 k=1
T/ > T [ © T [/
=/ <21§1(z)>dt+/ (lez(z))dtﬂEl/ <21§3(1,w)>dt]
o \im1 0 \k=1 o \im

[
2
leIklllLZ(oT)+ Z”IkZHLZ(OT) + ZE[lllks3||L2(0,T):|
k=1

k=1

8

0 o
Tlpk|2 + Zquk|2 + ZT2H+162||aHL1(O'T)|fk|2

N
M

~
I
-

H
= TIp| g, + Tlal sy + T2 E0n 1112,

which completes the proof. O

3 | The Inverse Problem

This section investigates the inverse problem of recovering the initial conditions p, ¢ and the random source f from the
mean and variance of the measured wave field.

3.1 | Reconstruction of Initial Values

To reconstruct initial values p and ¢, we consider the reconstruction of p, and g, first. Then the uniqueness and instability

will be discussed. It follow from (2.4) that the mean of the solution at two different moments, thatis, r =7, and t = 75,
satisfies

{ Euy(T))] = 1 TDpy + di2 (T (1)
E[u(T5)] = b1 (To)py + by o (1) '
Lemma 3. Forequation

@) +a@)@'(t) + Ap(®) =0, te(0,7), 3.2)

where a(t) € C(0,T) and A is a constant. Suppose ¢ = ¢,(t) is a non-trivial solution of (3.2) on (0,T), then it holds that:

1. ¢,(t) only has simple zero points on (0, T). Moreover, ¢,(t) has most finite zeros on any finite closed interval, so each
zero point is isolated.

2. The solution ¢(1) of (3.2) takes the following form:

@) = ¢o(®) lc1 + Cz/

~Jo atmydn g , (3.3)
0 B T]

where C, and C, are constants.

Proof.  Suppose there exists s, € (0, T) which is a non simple zero of ¢, (¢), then ¢y (s,) = ¢;(se) = 0. Substituting it to
Equation (3.2) gives ¢/ (s,) = 0, and hence ¢,(t) = 0, Vt € (0, T), which leads to a contradiction.

Moreover, suppose ¢, (¢) has infinite zeros on a finite closed interval. Then there exists an accumulation point 7, € (0, T)
and a series of zero points {¢;}%°. satisfying lim,_, 1, =, and ¢,(t,) =0,i =1,2,--- , 0. According to the continuity,

i=1 i—oo0”i
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we have

‘l)o(ti) - 4’0(10) —

li =1

bo(ty) = limgyy(1,) = 0, and ¢ (t,) = lim 0.

Then ¢, is a non simple zero point, which leads to a contradiction. Thus, we complete the proof of (1).

Next we proceed to proving (2). Using the zero points of ¢, to divide the interval (0, T') into the union of open intervals,
which guarantees that ¢, is non-vanishing on each open interval. Suppose ¢ = ¢(¢) is a solution of Equation (3.2), then
Po(1) (1)
(1 ¢' (@)

divided by zero points. After integration, we derive ¢(t)=¢,(t) [Cl +C, fot ¢21(T) e‘for"(”)d”dr], where ¢ satisfies ¢, () # 0.

Next, we consider the limits of solution on both sides at each endpoint of each interval. Suppose ¢ € (0, T') is a zero point
of ¢, then ¢({) = 0 # ¢, (¢). Hence, utilizing L’Hospital law yields

= ¢od' — Ph = Ce~loa)ds Multiplying # on both sides, we have %(q;%) = g—ze‘fola(s)ds on each open interval
0 0

t . >
limb, (1) / Lo iamdng; = lim| 20 — L Sawan,
=¢ 0 ¢5(7) =¢ _% (9]

t
0

Then the continuity and uniqueness of ¢ gives rise to

() = limey(1) lcl +C, / 1 e—/{a(:v)dndT].
1—¢ 0 ¢2

()
Thus completes the proof of (2). O

Theorem 2. Assume p(x),q(x) € L*(D) and a(t) € C(0,T). Then p, and q, can be uniquely determined by the data
E [u (T))] and E[u,(T,)], k € N, where T, T, can be selected arbitrarily in (0, T) except for a set of at most countable discrete
points.

Proof. Without losing generality, we take Ty, T, satisfying ¢, ,(T}) # 0 and ¢, ,(T}) # 0. Then it follows from (3.1) that
the coefficient determinant of the linear system (3.1) can be written as ¢, ;(T})¢; »(T,) — ¢, »(T1)¢; 1 (T,). By Lemma 3,

we have
1

$ (0

t
G2 = ¢k,1(l‘)/ e~ Joatmdng . (3.4)
0

Hence the coefficient determinant
D1 (TP 2 (15) = G (1) Py 1 (1)
o

= ¢k,1(T1)¢k,1(T2)/

el gy 0,
T, $,(0)

Therefore, p, and g, can be uniquely determined by the data E [u,(T})] and E[u,(T)|, k € N from (3.1). i

By Theorem 2, the inverse initial value problem admits a unique solution and we can reconstruct the initial status p(x), g(x)
using p,, q,. k € N. However, it lacks stability in actual computations for the condition number of coefficient matrix of
(3.1) goes to infinity as k — oo, which is indicated in following theorem.

Theorem 3. Forany fixed k € N, the coefficient determinant of Equation (3.1) holds the estimate that

|¢k,1(T1)¢k,2(T2) - ¢k,2(T1)¢k,1(T2)| S

-
g

Proof. 1t follows immediately from Lemma 1 that

L

)|S1+ _2'

| ¢k,1 (Tl )¢k,2(T2) - ¢k,2(T1)¢k,1 (T2
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3.2 | Reconstruction of Random Source via Phase Retrieval

To reconstruct the source function f(x), we develop a two-stage method. The first is to recover the modulus of f, explicitly
from the variance of measured data. Then apply a phase retrieval method to reconstruct | f| from phaseless data | f,|. It
is clear that a stable inversion for the random source can not be guaranteed as the coherent ill-posedness arising from
inverse problems, in particular for general H € (0, 1). Below, we only consider the case of H = %, where the uniqueness
can be obtained.

First we show a uniqueness of determining | f, |. By Ito’s isometry, it follows from (2.4) that the mean and variance of the
solution at r = T satisfies

[E[”k(T)] = ¢ 1(Mpy + P (T, (3.5)
and
T
V]u (D] = IkaZ/ |8 (T, 7)|*dr. (3.6)
0
where g, (T, 7) = [=¢; 1 (T)d2(7) + BTy 1 (7)] elo al)ds X(z<r) and ¢,, ¢, are given in fundamental matrix @, .

Lemmad. Foranyk €N,0< [|g (T, 0)%dr $ %
k
Proof.  Suppose /OTl g(T,7)|*’dr =0. Notice that ¢;,¢, are given by fundamental matrix @, of the
non-autonomous system for the ordinary differential equation: @) (1) = M, (@, (1), @,(0) = I. If fOT| g(T,7)|*dr =0
holds, then
_¢k,1(T)¢k,2(T) + ¢k,2(T)¢k,1(T) =0, ae. 7€l[0,T]

Since det®, (t) # 0 for t € [0, T'], we derive that d)f(T) + gb%(T) # 0 and ¢,(7), ¢,(7) are linear independent, which means
-, (T, () + p,(T) P, (r) # 0. Thus leads to a contradiction.

Next we show the latter inequality by direct computations as Lemma 1.

T T
/ lg (T, T)|2dT = / [—¢k,1(T)¢k,2(T) + ¢k,2(T)¢k,1(T)]ZeZ/° a(s)ds)({fgt ldr
0 0

T
< / (161D + 1y (T (D] X1l
0

T
< / 2 )2l gy < AT el
0 VA Ak

Theorem 4. Assume f(x) € L*(D). Then the modulus of f, = (f,®;) 2.1 can be uniquely determined by the data
V[u, (T)], k € N.

O

Remark 1. The result can be immediately derived from (3.6) and Lemma 4. Moreover, it is obvious that the reconstruc-
tion of | f, | admits a unique solution but it lacks stability in actual computations for the denominator /OT| g (T,7)|%dr
goes to zero as k — oo.

Once | f,| is obtained, we can proceed to the second stage, that is, recovering | f| via phase retrieval. For simplicity, we
take D = (0, L). It should be noted that the following method can also be extended to multidimensional case. Take the

eigen-functions {¢, }? to be {\/%sin(kf)x} > and the corresponding 4, = (%”) 2,k € N. Accordingly, f, can be

viewed as a discrete sine transform (DST) of f. Noting the connection between discrete sine transform and discrete Fourier
transform (DFT), it is easy to know that the DST data of f is equivalent to DFT data of f. Hence, we only need to consider
recovering | f| from the modulus of DFT data of f, which can be characterized as a well-known phase retrieval problem
and solved by method of phaselift in [20].
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Suppose f = (f(x1),- - » fa)T = (f1,--- , fN) € CN to be the discrete unknowns of f,and f = (f,,--- , fy)T € CN
be its N-point discrete Fourier transform. Denote by

) . AT S 2x(j=1) 22G-DN=1) \ T
h</>=<h(1”,...,h(;v>) :=<1,e’—k PO S ) (3.7)

Then f; = (hY, f) = Z;V: lhﬁ,j ) f". Hence the discrete phase retrieval problem can be formulated as follows:
find f

R 2
subjectto | f;]? :=’(h(”,f)’, j=1,...,N. (3.8)

Generally speaking, there are mainly two ways to solve phase retrieval problems. One is developing a modified model with
a prior information, and the other is taking more measurements. These two methods can be implemented in several ways
depending on the realistic demands. For instance, assuming some a prior information for the signal aims to reduce the
number of unknowns, such as the support constraints [21], positivity or real-valuedness [22]. Alternatively, taking more
measurements, which intends to increase the number of equations instead, can be done by using of masks [23], optical
gratings [24], oblique illuminations [25], etc. Among these methods, the phaselift is an efficient and rigorous numerical
method to solve the phase retrieval problem (3.8) based on the semi-definite programming method. This approach consists
of two folds: multiple structured illuminations and formulation of the phase recovery as a matrix completion problem.
More details may be found in [20].

First we introduce the structured illumination. Suppose the illumination schemes collecting the diffraction pattern of the
modulated object {w, "}, .y are available, where the patterns or waveforms w = (wy, ..., wy)" € CN may be selected
in advance by masking, optical grating or ptychography. In this paper, we will utilize two different masks to derive more
measurement in numerical examples.

Next we discuss the formulation of the phase recovery as a matrix completion problem. The phaselift method suggests
lifting up the problem of recovering a vector from quadratic constraints into a recovering a rank-one matrix from affine
constraints, and relaxing the combinatorial problem into a convenient convex program. Suppose the quadratic measur-
ments are of following the form:

- ~ - \T 2 2\ T
f=([1nfn) = (‘(a(l),ﬁ‘ seees ’(a(N)»f)’ ) ,
_ _ T
where a'’ can be expressed by the diffraction pattern w in the form a¥’) = (h(lj wy, ..., h(]{[)w N ) . Then the phase retrieval
problem can be transformed to the feasibility problem:
find f
~ R 2
subjectto  f :=|(a(’),f>| , j=1,...,N. (3.9

As mentioned earlier, quadratic measurements can be lifted up and interpreted as linear measurements about rank-one
matrix F = f f*. Denote AY) a ranked-one matrix by AY := a¥)(a%))*. Then we have

7y =@ nf = rrav@y f = 1ea0 57 (3.10)
Furthermore, define .4 be a linear operator which maps any positive semi-definite matrices F, denoted by F > 0, into
A(F) := (Tr(AVF), ..., Tr(AM F)T. (3.11)
Therefore, the phase retrieval problem (3.9) is equivalent to

find F
subjectto A(F)=f, F >0, rank(F)=1. (3.12)
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Furthermore, phase retrieval (3.12) is equivalent to find a rank-one positive semi-definite matrix F satisfying the affine
measurement constraints as follows,

min rank(F)

subjectto A(F)=f, F >0. (3.13)

However, the rank-minimization problem (3.13) is still difficult. Thus the trace norm is utilized as a substitution for the
rank functional in (3.13), which leads to the convex surrogate [26] and gives the following problem:

min Tr(F)
subjectto A(F)=f, F >0. (3.14)

There are various solvers such as Nesterov accelerated first-order methed [27] to handle the convex semi-definite pro-
gramming problem (3.14). More profound results over the relationship between (3.13) and (3.14) is engaged in [28, 29].
For simplicity of implementation, we try to adopt a numerical solver TFOCS [30] which is a library of MATLAB files
devised to facilitate the construction of optimal first-order methods for various convex optimization problems including
the semi-definite programming problem (3.14). Hence, we choose to transform (3.14) into the following form

min - Z(f; A(F)) + ATr(F),
subjectto F > 0. (3.15)

where 7(f; A(F)) is a smooth and concave (in F) log-likelihood, A is a parameter be chosen later. To solve the above
composite program, we introduce a proximal gradient method to solve a general optimization problem:

min  ¢(f) 1= g(f) + h(f), (3.16)

where g is smooth and g, A are convex. Suppose || - || is a chosen norm, the step size 7, is bounded away from zero and
Vg satisfies a generalized Lipschitz criterion. Then we take the following iteration strategy with a generalized projection
(cf[30]):

Fin = A Min g(£0 + (VU0 £ = £ + AU+ 511F = £l
k

The advantage of above strategy is that global convergence is guaranteed. Moreover, the TFOCS solver contains a lot of
optimal first-order variants based on a variation of the method described by Nesterov in [27]. Here, we choose a variant
called the Auslender and Teboulle method [31].

4 | Numerical Examples

In this section, we present the numerical schemes and results for both the direct and inverse problems. Three examples
are designed to demonstrate the effectiveness of proposed methods. Here, H = %, and BH(t) = W, represents the white
noise.

For the forward problem, we use finite difference method to discretize the initial boundary value problem of the
stochastic differential equation over the interval (0, L) X (0, T) for some L, T > 0. Define the partition of spatial and time
intervals with nodes x; = ih,, t, = nh, with h, = Ni h, = % forn=0,1,...,N,,i=0,1,...,N,. Let ul! be approximation

to u(x;,t,). Then o,u, d,,u and o,u at (x;,t,) are apxproximafed by central difference method. Moreover, the white noise

. . . . . . . . - d
W, at t =1, is approximate by the increment of standard Brownian motion, that is, W, ~ Wat)-W,) £ '5—”, where

h, N
d _
a = b means the random variables a and b have the same distribution and {¢; }fi‘o "isaset of independent and identically
distributed standard normal random variables, denoted by &, ~ N (0, 1). Assume the governing equation in (1.1) holds at
the collocation points (x;,?,) gives

h’t
<1 + Ea(t,,)) u;’“ =hf(x)(W(,.)— W)

h
+ <—1 + Eta(tn)> Wl (2 - 20)u! + ol +ul ),

1
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2
where ¢ = % Furthermore, the boundary condition gives u(0,7) =0 = 7 and u(L,1)=0= uy for n=0,1,..., N,

ul—u!
i U

5~ fori=1,....N, - 1. Thus we obtain
an explicit numerical scheme has a matrix system the dimension of which is (N, + 1)(N, + 1). Next, we proceed to
numerical schemes for the inverse problem. To recover initial status and random source simultaneously, we require the
mean and the variance of the sample paths in two different times at 77 and T, with two random mask M;, M, on the
source f, respectively.

and the initial conditions gives u(x;,0) = p(x;) = u? and od,u(x;,0) = q(x,) ~

For initial value problem, if we can get the data u(x, 7) at two different times 7; and T,, we derive

G (TDB(@,) + ¢, ,(T)d(w,) = E[i(w,, T))],
G (TR(@,) + $,,(Ty)d(,) = E[d(w,, T,)|. (4.1)

Then the initial value function p(x) and g(x) can be determined by solving the second order linear equations and the
inverse Fourier transformation. To reconstruct p(x) and g(x), the regularization method is needed in the numerical exper-
iments, the numerical result is shown in the following examples where T} = z and T, = g

For random source problem, the modulus of the Fourier coefficient | £ can be reconstructed from (3.6) by utilizing the
variance V[i(w,, T)] of the Fourier transform of the field u(x, T') and the numerical integration of |g,(T, )|, that is,

) V[aw, )] \*
(@)l = <T[—]> .
[T gu(T. 0)ld

Although the variance of the DST data V[u,(T)] and the variance of the DFT data Vii(w,, T)] both can be easily obtained
from either direct problem or actual data in practice, the numerical integration still need calculation.

Notice g(T,7) = [~ 1T 1(7) + Py ,(Tpy 1 (7)] elo al)ds Xe<r)> We first compute ¢, ,, ¢, , from fundamental matrix

D, = [d)ﬁ"l’ ¢f’2] . The initial problem for the fundamental matrix @, is solved by the classic fourth-order Runge-Kutta
k1 Pk

formula:
Ky, = h,M ()P, ;,
K,=hM b @ lg
2 =M tj+5 ( k,j+5 1>’

=h ht 1
Ky =h M, (1,4 (qbk,j + §K2>’
Ky = hM,(t; + )@, + Ky),

1
D =Dy, + g(K1 + 2K, +2K; + K,).

L o 1 1o
For j =0,1,..., N,,where M, (t) = [_ A _a(t)],and D, = [O 1].

Knowing ¢, , and ¢, ,, we can compute the integration of |g, (T, 7)|* by numerical integration method such as trapezoidal
rule or Simpson’s rule. By the way, we can aviod computing e/o “)s by using the fact det®(r) = e~/ “9}4s and the previous
calculation results of @. It should be noted that the time partition of @ can be different from the direct problem, but we
use the same notation here for simplicity.

Next we try solve the phase retrieval problem numerically, provided more measurements by phaselift with two masks.
Let M, and M, be two masks with M, being the (N, + 1) X (N, + 1) identity matrix and M, being a random binary
mask. Using these masks M, to perform the structured illumination with source M, f, we can obtain 2(NV, + 1) intensity
measurements A(f f*), where the operator A is defined in (3.11) with N = 2(N, + 1), the vectors {a™ }i(ivfﬂ) involved
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One path-wise mild solution at final time T the mean and variance of mild solution at final time T
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06| [ \ 5‘\ 0.6 varance |
| |
[ |
[ \ 0.5 F
051 | \ |
f \ A [ \ ™ a
| \ / “\‘ '\ 04r [ \ / \v‘ /\
04 | \ ~ | 1 | \ / \ \
[ N\ [\ [ ‘ ‘ [ \ [
[ \ A / / \ 03r | / \ \
| N\ / f \ | \ / \ . .
03} :" "‘, / \ ‘:‘ l} | | \ J" L_/\/ v, M\ \
/ \ / / | L \ I /\ "\\
‘1 \ f \/ '.‘ 02f | WAVA /‘ \
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[ | / \ / — [ e N .
0.1 \ / \ 1 L\ N N % 2\
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| \ / \ \ "
or \/ \ A -0.1 \ /
\ \/
\
04 . M V2 . . . 02 L . . . . .
0 2 4 6 8 10 12 0 2 4 6 8 10 12
the independent variable x the independent variable x
FIGURE1 | Examplel: One path-wise mild solution is given in left and the mean and variance of solution is shown in right.

in the operator A are defined by

4 = M, h™, m=1,...,N, +1,
M,A" N = N +2,...,2(N, +1).

To recover the source f, it suffices to solve the convex optimization problem mentioned in Section 3.2 based on the
objective functional

&) = g(f) + h(f) = %nb — AL IO + ().

where || - ||, denotes the Euclidean norm and 4 is the indicator function defined by
n(f) = {ﬂTr( fr5, if ff* isHermitian positive semi-definite,
0, else.

Here A > Oisaregularization parameter, and b is the quadratic Fourier modulus obtained by the measurement { ulN' }[Zg"ﬂ)

at t = T where the first half is perturbed by M, f and the second half is perturbed by M, f with masks. More precisely,
b= (by,...,byy 41))" has entries

v]a"]
bi=—p—————, =12 2N +D),
/6 |gk,(T7 T)l dT
where (ftfl', s uZ’N +1>)T is the combination of the (N, + 1)-point DFT of the two parts of measurement (ufl’, e, uZ’N +1))T
and Aki = Ak’w o = (@)2, i=1,2,..., N, + 1. The Auslender and Teboulle method is applied to solve the above

problem, which is terminated when the relative residual error of our reconstructed result | f| is less than a fixed tol-
erance or iteration steps reaches the upper bound. Particularly, if f(x) is a real-valued non-negative function, then the
recovery is unique.

We implement the proposed method in the following three example to recover the three unknowns p, g, f. The effective-
ness of the numerical method can be verified from following three examples.

Example 1. In this example, set a(r) = 14050 and select a narrowband symmetric function and a broadband symmet-
ric function as the initial displacement p(x) and the initial velocity g(x) as follows, respectively. As for the random source,
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damping term a(t) =
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Examplel: The exact solutions are plotted against the reconstructed solutions with different noise levels, where the
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Example2: The exact solutions are plotted against the reconstructed solutions with different noise levels, where the

damping term a(r) = | sin(r)|e~ .
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Example3: The exact solutions are plotted against the reconstructed solutions with different noise levels, where the

damping term a(t) = | sin(2¢) cos(37)|.
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we set a decaying smooth example where

sin(2x), §L<x<§L,

N el q(x) = %(1 - %), f(x) = sin(x)e”s.

In computation, we take L = 4z, N, = 64, N, = 64. The forward problem is to compute u(x, ¢) at different collocation
points. One path-wise mild solution is given in left of Figure 1. Provided that there are 2000 paths, the mean and variance
of solution is shown in right of Figure 1. Moreover, the corresponding inversion results are shown in Figure 2. The left
column depicts the recovered random source | f(x)|, the initial conditions p(x) and ¢(x) with noisy free synthetic data.
The right column shows the counter part of left column but with 5% noisy synthetic data. Figure 2 clearly shows that the
inversion results converge to exact solution if noise level is decreasing. In the numerical experiment, we notice that the
initial functions with narrow frequency has higher inversion accuracy.

Example 2. In this example, the initial value functions are taken to be p(x) = 1 — cos(2x) and an oscillating function
q(x) = sin(2zx) cos(3zx). A discontinuous source function f is considered:

-

0, x €0,:0L),
1.2, x€[1L,2D),
f(x)=13.6, x € [%L, gL),
24, xeliLtiD),
0, x €[:L, L],

L

where L = 7. We can clearly observe that the reconstruction of the discontinuous source function has lower accuracy and
stability. And the method for recovering initial values proves to be effective regardless of oscillatory or not.

Example 3. In the last example, the three unknowns is p(x) = xe("_g)z, q(x) = |(x - 37’r)cos(x)|e(""’)2 and f(x) =1 +
cos(x)) sin(x) with L = 2z, where the damping term is an oscillating function.

Different from the previous two examples, the source function of this example is symmetric while the initial value func-
tions are asymmetric. We notice that the reconstruction of the source function has lower accuracy at the extreme point
especially in the presence of noise. As for the reversion of the initial value functions, the error is more visible near the
endpoint of the interval.

From the examples above, we can verify the effectiveness and robustness of the proposed numerical schemes. Clearly, the
results of the proposed method to reconstruct initial values perform well. However, it can be observed from the numerical
experiments that the proposed method of the reconstruction of the modulus of the source still has drawbacks especially
for the discontinuous sources, which needs to be improved in future (Figures 3 and 4).

5 | Conclusion

In this work, we have conducted a study on an inverse problem with three unknowns involving the stochastic damped
wave equation driven by a Gaussian random field over time. By examining the corresponding stochastic initial value
problem in the frequency domain, we establish the well-posedness of the direct problem and the uniqueness of the solu-
tion to the inverse problem. To tackle the inverse problem, we divide it into an inverse initial value problem and an
inverse random source problem. To address the inverse initial value problem, we require mean data from two distinct
moments. Regarding the random source problem with white noise, we introduce a phase retrieval problem and employ
the phaselift method along with additional measurements using random masks to recover the modulus of the source.
Numerical examples are presented to demonstrate the sufficiency and effectiveness of this method in reconstructing the
three unknowns.

This framework exhibits versatility, prompting further interest in exploring higher dimensional inverse random source
problems. Additionally, the problem with random source driven by coloured noise is also worthy further research.
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