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Abstract

This paper is concerned with the inverse scattering for the biharmonic operator Δ2 with a stochastic 
first-order perturbation 𝑨(x) · ∇ + V (x). The vector-valued potential 𝑨 and the scalar-valued potential V
are both assumed to be generalized microlocally isotropic Gaussian random fields with classical pseudod
ifferential covariance operators. The goal is to determine their principal symbols simultaneously from the 
observed farfield scattering pattern. This problem is challenging due to the roughness of first-order pertur
bation and the higher order elliptic operator. The key ingredient to overcome the challenge is to employing 
scattering theory, which results in the analytic domain and an upper bound for the resolvent of the fourth
order elliptic operator with rough potentials. As a consequence, by analyticity of the resolvent, uniqueness 
can be achieved by farfield pattern measured only in a finite interval of frequencies. Moreover, by ergod
icity it is shown that the principal symbols of the covariance operators of the two random potentials can 
be uniquely reconstructed simultaneously by a single realization of the farfield pattern averaged over the 
high frequency band almost surely. In addition, for the first time, reconstruction formulas are established on 
inverse scattering for elliptic operators with a random first-order perturbation.
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1. Introduction

Inverse scattering problems aim at determining scatterers from appropriate measurements. 
They arise in many scientific and industrial areas including quantum physics, biomedical imag
ing, radar and sonar, and geophysical exploration. In many applications which involve uncertain
ties, one usually assumes that the scatterer can be described by random process, and hence the 
scattered field is also random. Recently, random scattering problems have received considerable 
attention due to their significant applications in situations involving unpredictable environments, 
incomplete knowledge of the system, and random measurement noise. Compared with their de
terministic counterparts, stochastic inverse problems are more difficult to handle. A feature of 
such problems is that sometimes the scatterer is too rough to exist pointwisely and thus should 
be understood in the sense of distribution. Moreover, in these situations, it is less meaningful 
to characterize the full scatterer but to determine their statistical properties such as mean and 
variance which are used to quantify the uncertainties.

This paper is concerned with the scattering problem for the perturbed biharmonic operator 
with the Sommerfeld radiation condition⎧⎪⎨⎪⎩

(Δ2 − k4 + 𝑨 · ∇ + V )u = 0, in R3,

u = uinc + usc,

limr→∞ r(∂ru
sc − ikusc) = 0, r = |x|,

(1.1)

where k > 0 is the wavenumber, u is the total wave field, usc is the scattered wave field and 
uinc := eikx·d is the incident plane wave with direction d ∈ S2. The vector-valued potential 𝑨
and the scalar-valued potential V are both assumed to be random fields with compact supports.

In this work, we assume that both 𝑨 and V are generalized microlocally isotropic Gaussian 
(GMIG) random fields supported in a bounded Lipschitz domain D ⊂ R3. The GMIG random 
fields encompass various important random fields, such as white noise, Markov fields and frac
tional Brownian motion [9]. Mathematically, the covariance operator C𝑨 of the potential 𝑨 is 
assumed to be a classical pseudodifferential operator of order −m𝑨, and the principal symbol of 
C𝑨 has the form H(x)|ξ |−m𝑨 , where H(x) ∈ C∞

0 (R3;R3×3) is a smooth matrix-valued func
tion with suppH ⊂⊂ D. The matrix H is called the micro-correlation strength of 𝑨. Similarly, 
V is also assumed to be a GMIG of order −mV and the principal symbol of its covariance 
is h(x)|ξ |−mV with h ∈ C∞

0 (R3;R) and supph ⊂⊂ D. Detailed information on GMIG and its 
properties are given in Section 2. The main goal of this paper is to reconstruct both the micro
correlation strengths H and h from the farfield pattern associated with (1.1).

The inverse random potential scattering problems driven by the GMIG random field were 
considered in [2,9--11] for the second-order Schrödinger and elastic wave equations. In these 
works, it was shown that the strength of the random potential can be uniquely reconstructed by 
a single realization of the near- or farfield data almost surely. The analysis employs the method 
of using Born series expansion, the limiting absorption principle for the Schrödinger equation 
and microlocal analysis developed in [9]. Later, similar results were obtained in [12] for the 
biharmonic wave equation. In all the aforementioned works, the potential functions are assumed 
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to be a zeroth-order perturbation of the elliptic equation. To our knowledge, the inverse scattering 
problems for elliptic operators with a stochastic first-order perturbation remain wide open.

In the deterministic settings, there exist some works on the inverse problems of the first
order perturbed biharmonic operator due to their applications in the theory of quantum physics, 
vibrations of elasticity and beams [5]. For the inverse boundary problem, [7,8] showed that the 
first-order perturbation can be uniquely determined from two sets of DtN maps. For the inverse 
scattering problem, the authors in [16] proved that the combination − 1

2∇ ·𝑨+V of the potential 
functions can be uniquely determined from the farfield data over an infinite high frequency band. 
Further, in a recent work [17], the authors derived increasing stability estimates of recovering the 
divergence-free part of 𝑨 and the combination − 1

2∇ · 𝑨 + V from the multi-frequency farfield 
data, respectively. Moreover, they showed the uniqueness of recovering both 𝑨 and V by partial 
farfield data based upon scattering theory and an upper bound for the resolvent of the fourth 
order elliptic operator. However, the analysis in these works relies on Helmholtz decomposition 
of the vector potential 𝑨, which is not applicable to stochastic case.

In this work, we are concerned with determining the micro-correlation strengths of the two 
random potentials simultaneously. The main results (cf. Theorem 4.1 and 4.2) show that both 
the micro-correlation strengths H and h can be uniquely reconstructed by the high frequency 
limit of the correlation of the farfield pattern from a single realization of the random potentials 
almost surely by ergodicity. Consequently, by analyticity of the resolvent with respect to complex 
wavenumber, the uniqueness can indeed be obtained by farfield pattern measured only in a 
finite interval of frequencies (cf. Theorem 4.3). Apparently, due to the existence of the vector
valued random potential function, the inverse problem considered in this work is much more 
complicated compared with the previous ones of only determining the zeroth-order perturbation. 
For instance, instead of being a scalar-valued function, the strength H of the principal symbol 
for the random vector potential is now a matrix function. Moreover, the problem of determining 
both H and h is more challenging.

The investigation of the inverse problem requires resolvent estimates for the perturbed bihar
monic operator with sufficient decay with respect to the wavenumber, which allows the expansion 
of the farfield pattern into Born series. To this end, we employ the scattering theory introduced 
in [4] to investigate the resolvent with rough first-order perturbation. Specifically, by investi
gating the meromorphic continuation of the resolvent, a logarithmic analytic domain and useful 
resolvent estimates are obtained. In comparison with the limiting absorption principle utilized 
in [9], the scattering theory seems to be more convenient to use in inverse scattering problems. 
In general, limiting absorption principle only provides resolvent estimates on the real axis in 
weighted Sobolev space, and the resolvent may not be further extended to the lower-half com
plex plane [1,6,14]. In contrast, scattering theory shows that meromorphic continuation of the 
resolvent is possible by considering the resolvent as a family of operators of L2

comp → L2
loc. As 

a consequence, resolvent estimates and an analytic domain can be obtained. Thus, by analyticity 
of the resolvent, one may only use multi-frequency data in a finite interval other than requiring 
data at all high frequencies to achieve the uniqueness. Since the scatterer in inverse scattering 
usually has compact support, and the data is required to be measured on compact sets in practical 
applications, the application of scattering theory is feasible in this setting.

Another difficulty for the inverse problem is that, as the micro-correlation strength of the vec
tor random potential is a matrix function, the backscattering data used in [2] for the recovery of 
the zeroth-order potential is no longer applicable. To fix this issue, we employ farfield pattern 
with appropriately chosen incident and observation directions, which reveals an explicit relation 
between the vector potential and the farfield pattern. Based on this relation, a reconstruction 
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formula for the strength H of the vector potential is derived by the correlation farfield pattern. 
Next, we continue to reconstruct h for the scalar potential from the backscattering farfield pat
tern. In this step, we establish an explicit reconstruction formula for h by the farfield pattern and 
H. Both the reconstruct formulas use a single realization of the farfield pattern by ergodicity 
with probability one. Compared with the deterministic setting, by utilizing the correlation data 
we do not resort to the Helmholtz decomposition of the vector potential.

This paper is outlined as follows. In Section 2 we introduce the definition and properties of 
the generalized microlocally isotropic Gaussian random fields. Section 3 is devoted to the mero
morphic continuation of the perturbed biharmonic operator. A logarithmic analytic domain and 
resolvent estimates are derived for the resolvent. In Section 4, we introduce the farfield pattern 
and first prove the uniqueness of recovering the micro-correlation strength of the vector potential 
function without knowing the scalar potential. Then, we show that the micro-correlation strength 
of the scalar potential can also be uniquely determined given the micro-correlation strength of 
the vector potential. Uniqueness of determining both the micro-correlation strengths of the two 
random potentials by farfield pattern measured only in a finite interval of frequencies is derived 
by the analyticity of the resolvent.

2. Preliminaries

In this section, we introduce vector-valued and scalar-valued GMIG random fields to charac
terize the random potentials considered in this paper.

Denote the function spaces Ws,p := Ws,p(R3) as the standard Sobolev spaces. Let Hs :=
Ws,2. The function spaces Hs

loc := Hs
loc(R

3) and Ws,p
comp := Hs

comp(R3) are respectively defined 
as follows

Hs
loc(R

3) := {u ∈𝒟′(R3) : χu ∈ Hs(R3),∀ χ ∈ C∞
0 (R3)},

H s
comp(R3) := {u ∈ Hs(R3) : ∃ χ ∈ C∞

0 (R3), χu = u},

where 𝒟′ is the dual space of 𝒟 := C∞
0 (R3). Let ℒ(X,Y ) be the space which consists of all 

bounded linear operators from the function space X to the space Y . Moreover, the space ℒ(X,Y )

is equipped with the operator norm ∥ · ∥ℒ(X,Y ). Let a ≲ b denote a ≤ Cb, where C > 0 is a 
generic constant whose specific value is not required but should be clear from the context.

Now we introduce the real-valued generalized Gaussian random field. Let 𝒟(R3;R) stand 
for the real-valued test function space and its dual space is denoted as 𝒟′(R3;R). Given a 
complete probability space (Ω,𝒜,P ), a real-valued random field g : Ω → 𝒟′(R3;R) is called 
a generalized Gaussian random field if ω ↦→ ⟨g(ω),ϕ⟩ is a Gaussian random variable for all 
ϕ ∈ 𝒟(R3;R). The domain of g(ω) can be extended to the space of complex-valued smooth 
functions with compact support as

⟨g(ω),ϕ⟩ = ⟨g(ω),ℜϕ⟩ + i⟨g(ω),ℑϕ⟩, ϕ ∈ 𝒟.

The expectation Eg ∈ 𝒟′(R3;R) and covariance Covg : 𝒟(R3;R) × 𝒟(R3;R) :→ R are re
spectively defined by

Eg : ϕ ↦→E⟨g,ϕ⟩, ϕ ∈𝒟(R3;R),

Covg : (ϕ1, ϕ2) ↦→ Cov(⟨g,ϕ1⟩, ⟨g,ϕ2⟩), ϕ1, ϕ2 ∈𝒟(R3;R),

4 



G. Bao, T. Wang, X. Xu et al. Journal of Differential Equations 466 (2026) 114311 

where

Cov(⟨g,ϕ1⟩, ⟨g,ϕ2⟩) = E[(⟨g,ϕ1⟩ −E⟨g,ϕ1⟩)(⟨g,ϕ2⟩ −E⟨g,ϕ2⟩)].
Define the covariance operator Cg by

⟨Cgϕ1, ϕ2⟩ = Cov(⟨g,ϕ1⟩, ⟨g,ϕ2⟩), ϕ1, ϕ2 ∈ 𝒟(R3;R).

Let Kg(x, y) be the Schwarz kernel of Cg , i.e.,

⟨Cgϕ1, ϕ2⟩ =
∫︂
R3

∫︂
R3

ϕ2(y)Kg(x, y)ϕ1(x) dxdy.

In this paper, we consider the generalized Gaussian random fields with zero expectation de
fined as follows.

Definition 2.1. A generalized Gaussian random field g with zero expectation is said to be 
microlocally isotropic of order −m ∈ R in D ⊂ R3 if its covariance operator Cg is a clas
sical pseudodifferential operator of order −m with the principal symbol μ(x)|ξ |−m, where 
μ(x) ∈ C∞

0 (R3;R) is a real-valued function with suppμ ⊂⊂ D. Here μ is called the micro
correlation strength of g.

Let cg be the symbol of the operator Cg, i.e.,

Cg(ϕ)(x) = (2π)−3
∫︂
R3

eix·ξ cg(x, ξ)ϕ̂(ξ) dξ, ϕ ∈ 𝒟,

which gives

Kg(x, y) = (2π)−3
∫︂
R3

ei(x−y)·ξ cg(x, ξ) dξ.

The following lemma concerns the regularity of the microlocally isotropic Gaussian random 
field.

Lemma 2.1. Let g be a microlocally isotropic Gaussian random field of order −m in D. Then 
g ∈ W

m−3
2 −δ,p(D) almost surely for all δ > 0 and 1 < p < ∞.

Throughout this paper, we consider GMIG random fields of order −m with m > 2. In this 
case, there holds the following results for the kernel.

Lemma 2.2. Let g be a GMIG random field of order −m in D. The covariance function Kg(x, y)

has the following form:
(i) If a < m − 2 ≤ a + 1 with a = 1,2,3...,

Kg(x, y) = cμ(x)|x − y|m−3 + Fm(x, y),
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where c is a constant dependent on m and Fm(x, y) ∈ Ca,γ (R3 ×R3;R) with γ ∈ (0,m−2−a).
(ii) If 2 < m < 3,

Kg(x, y) = cμ(x)|x − y|m−3 + Fm(x, y),

where c is a constant dependent on m and Fm(x, y) ∈ C0,γ (R3 ×R3;R) with γ ∈ (0,m − 2).
(iii) If m = 3,

Kg(x, y) = cμ(x) log |x − y| + Fm(x, y),

where c is a constant dependent on Fm(x, y) ∈ C0,γ (R3 ×R3;R) with γ ∈ (0,1).

Now we consider vector fields. A vector field 𝒈 = (g1, g2, g3)
T is said to be a real-valued 

GMIG random field of order −m in D if each component gj , j = 1,2,3, is a real-valued GMIG 
random field of the same order −m in D. Thus, the expectation E𝒈 ∈𝒟′(R3;R)3 and covariance 
Cov𝒈 : 𝒟(R3;R)3 ×𝒟(R3;R)3 → R are defined as follows

E𝒈 : 𝝓 ↦→ E⟨𝒈,𝝓⟩, 𝝓 ∈𝒟(R3;R)3,

Cov𝒈 : (𝝓1,𝝓2) ↦→ Cov(⟨𝒈,𝝓1⟩, ⟨𝒈,𝝓2⟩), 𝝓1,𝝓2 ∈𝒟(R3;R)3.

The covariance operator C𝒈 is defined by

⟨C𝒈𝝓1,𝝓2⟩ = Cov(⟨𝒈,𝝓1⟩, ⟨𝒈,𝝓2⟩), 𝝓1,𝝓2 ∈𝒟(R3;R)3.

Let the 3 × 3 matrix-valued function K𝒈(x, y) be the Schwarz kernel of C𝒈 , i.e.,

⟨C𝒈𝝓1,𝝓2⟩ =
∫︂
R3

∫︂
R3

𝝓2(y)T K𝒈(x, y)𝝓1(x) dxdy.

As 𝒈 is microlocally isotropic of order −m, the covariance operator C𝒈 is a classical pseudo
differential operator with the principal symbol M(x)|ξ |−m, where M(x) ∈ C∞

0 (R3;R3×3) is 
a smooth matrix-valued function with suppM ⊂⊂ D. Here M is similarly called the micro
correlation strength of 𝒈.

3. Meromorphic continuation and resolvent estimates

In this section, we investigate the meromorphic continuation and estimates of the resolvent 
of the biharmonic operator. As a consequence, we establish the well-posedness of the direct 
scattering problem.

Denote the resolvent of the free Schrödinger operator and the resolvent of the free biharmonic 
operator by ˜︁R0(λ) = (−Δ − λ2)−1 and R0(λ) = (Δ2 − λ4)−1, respectively. From the decompo
sition

(Δ2 − λ4)−1 = 1 
2λ2

(︁
(−Δ − λ2)−1 − (−Δ + λ2)−1)︁

we have
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R0(λ) = 1 
2λ2 (˜︁R0(λ) − ˜︁R0(iλ)). (3.1)

The following lemma concerns the analyticity and estimates of the free resolvent ˜︁R0(λ) for 
the Schrödinger operator.

Lemma 3.1. The free resolvent ˜︁R0(λ) is analytic for λ ∈ C with ℑλ > 0 as a family of operators

˜︁R0(λ) : Hs(R3) → Ht(R3),

for all s ∈ R and t ∈ [s, s + 2]. Furthermore, given a cut-off function χ ∈ C∞
0 (R3), ˜︁R0(λ) can 

be extended to a family of analytic operators for λ ∈C as follows

χ˜︁R0(λ)χ : Hs(R3) → Ht(R3)

with the resolvent estimates

∥χ˜︁R0(λ)χ∥ℒ(Hs,H t ) ≲ (1 + |λ|)t−s−1eL(ℑλ)− (3.2)

where s ∈ R and t ∈ [s, s + 2], v− := max{−v,0} and L is a constant larger than the diameter 
of the support of χ .

Proof. With the help of the functional calculus [4, Appendix B.2], we can denote

U(t) := sin t
√−Δ√−Δ

,

which gives a representation of ˜︁R0 as follows

˜︁R0(λ) =
∞ ∫︂

0 

eiλtU(t) dt.

The spectral representation [4, Appendix B.1] directly gives

∂k
t U(t) : Hs(R3) → Hs−k+1(R3), k ∈N, s ∈ R.

Therefore, when ℑλ > 0, R̃0(λ) : Hs(R3) → Hs(R3) is analytic with respective to λ. For any 
f ∈ Hs , denote u(λ) = ˜︁R0(λ)f , which yields Δu(λ) = −λ2u(λ)−f ∈ Hs . Hence we have both 
u(λ) and Δu(λ) are families of analytic functions in Hs when ℑλ > 0. For any ϕ ∈ Hs+2, when 
ℑλ > 0, it is shown that

⟨u(λ),ϕ⟩Hs+2 = ⟨(I − Δ)u(λ), (I − Δ)ϕ⟩Hs = ⟨Δu(λ),Δϕ⟩Hs + ⟨u(λ),ϕ⟩Hs − 2⟨Δu(λ),ϕ⟩Hs

is analytic, which implies u(λ) is a family of analytic functions in Hs+2. Consequently, we know 
that ˜︁R0(λ) is a family of operators when ℑλ > 0 as follows

7 
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˜︁R0(λ) : Hs → Hs+2.

Next, we show the resolvent estimates and the analyticity of χ˜︁R0(λ)χ for λ ∈ C. The strong 
Huygens’s principle implies that

(U(t)χ)(x) = 0, t > sup{|x − y| : y ∈ suppχ}.

Thus we obtain

χ˜︁R0(λ)χ =
L ∫︂

0 

eiλtχU(t)χ dt,

where L > diam suppχ . Furthermore, we have

χ˜︁R0(λ)χ = (iλ)−1

L ∫︂
0 

∂t (e
iλt )χU(t)χ dt = −(iλ)−1

L ∫︂
0 

eiλtχ∂t (U(t))χ dt.

Applying the spectral representation yields U(t) = 𝒪ℒ(Hs,Hs+1)(1), ∂tU(t) = cos t
√−Δ =

𝒪ℒ(Hs,Hs)(1). Hence we know when s = t or s = t + 1,

χ˜︁R0(λ)χ : Hs → Ht,

is a family of analytic operators for λ ∈C and the resolvent estimates (3.2) hold. Notice

Δ(χ˜︁R0(λ)χ) = χΔ˜︁R0(λ)χ + [Δ,χ]˜︁R0(λ)χ = (−1 − λ2)χ˜︁R0(λ)χ + [Δ,χ]˜︁R0(λ)χ,

where [Δ,χ] := Δχ − χΔ is a one order differential operator. Then the above identities and the 
resolvent estimates for t = s, s + 1 imply the estimate for t = s + 2. The remaining cases follow 
by applying the interpolation inequality. □

As a corollary of the above lemma, we have the following resolvent estimates for the free 
biharmonic operator.

Lemma 3.2. The free resolvent R0(λ) is analytic for λ ∈ C with ℑλ > 0,ℜλ > 0 as a family of 
operators

R0(λ) : Hs(R3) → Ht(R3),

for all s ∈ R and t ∈ [s, s + 4]. Furthermore, given a cut-off function χ ∈ C∞
0 (R3), R0(λ) can 

be extended to a family of analytic operators for λ ∈C \ {0} as follows

χR0(λ)χ : Hs(R3) → Ht(R3),

with the resolvent estimates

8 



G. Bao, T. Wang, X. Xu et al. Journal of Differential Equations 466 (2026) 114311 

∥χR0(λ)χ∥ℒ(Hs,H t ) ≲ (1 + |λ|)t−s−3(eL(ℑλ)− + eL(ℜλ)−),

where s ∈ R and t ∈ [s, s + 4], v− := max{−v,0} and L is a constant larger than the diameter 
of the support of χ .

Lemma 3.3. Assume that V ∈ W
s,p
comp(R3) with s ∈ [− 1

2 ,0) and p ∈ [− 3
s
,+∞). We have

∥Vf ∥Hs(R3) ≲ ∥V ∥Ws,p(R3)∥χf ∥H−s (R3), ∀ f ∈ H−s
loc (R

3),

where χ ∈ C∞
0 (R3) is a cut-off function such that χ |suppV = 1.

Using the above lemmas, we can derive the following meromorphic continuation of the resol
vent R𝑨,V (λ) := (Δ2 + A · ∇ + V − λ4)−1.

Lemma 3.4. Assume 𝑨 ∈ W
s,p
comp(R3)3,V ∈ W

s,p
comp(R3) with s ∈ [− 1

2 ,0) and p ∈ [− 3
s
,+∞). 

Then the resolvent R𝑨,V (λ) is meromorphic for λ ∈ C with ℑλ > 0,ℜλ > 0 as a family of oper
ators R𝑨,V (λ) : Hs → Ht with t ∈ [s, s + 4], which can be extended to a family of meromorphic 
operators for

R𝑨,V (λ) := Hs
comp → Ht

loc, λ ∈C

with t ∈ [s, s + 4]. Further, fix a cut-off function χ ∈ C∞
0 (R3). Then the resolvent χR𝑨,V (λ)χ :

Hs → Hs is analytic for λ ∈ S where

S := {λ ∈ C : ℑλ ≥ −A − δ log(1 + |λ|),ℜλ ≥ −A − δ log(1 + |λ|), |λ| > C0}.

Moreover, there exist constants A,C0, δ,C and L such that the resolvent estimates

∥χR𝑨,V (λ)χ∥Hs→Ht ≤ C(1 + |λ|)t−s−2(eL(ℑλ)− + eL(ℜλ)−)

hold for t ∈ [s, s + 4] and λ ∈ S . The constants A,δ,L depend on χ and supp V . The constants 
C,C0 depend on χ , ∥V ∥Ws,p(R3) and ∥𝑨∥Ws,p(R3)3 .

Proof. Formally, we have the resolvent identity

R𝑨,V (λ) = R0(λ)(I + (𝑨 · ∇ + V )R0(λ))−1.

Similar as the proof of resolvent estimates for Lemma 3.2, it can be verified when ℑλ > 0,ℜλ >

0,

∥(𝑨 · ∇ + V )R0(λ)∥ℒ(Hs,Hs) ≲ ∥V ∥Ws,p∥R0(λ)∥ℒ(Hs,H−s ) + ∥𝑨∥Ws,p∥R0(λ)∥ℒ(Hs,H−s+1)

≲ (1 + |λ|)−2−2s .

Hence, when ℑλ > 0,ℜλ > 0 and |λ| >> 1, the operator I + (𝑨 · ∇ + V )R0(λ) : Hs → Hs is 
invertible by the following Neumann series argument

9 
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(I + (𝑨 · ∇ + V )R0(λ))−1 =
∞ ∑︂

j=0 
(−(𝑨 · ∇ + V )R0(λ))j .

Moreover, from Lemma 3.2--3.3 we have that (𝑨 · ∇ + V )R0(λ) : Hs → Hs is a compact op
erator. Therefore, by applying the analytic Fredholm theory [4, Theorem C.8] we have that the 
resolvent

R𝑨,V (λ) = R0(λ)(I + (𝑨 · ∇ + V )R0(λ))−1 : Hs → Ht

is meromorphic with respective to λ with ℑλ > 0 and ℜλ > 0 for t ∈ [s, s + 4].
Next we consider the operator χR0(λ)χ . There holds the resolvent identity

χR𝑨,V (λ)χ = χR0(λ)χ1(I + (𝑨 · ∇ + V )R0(λ)χ1)
−1(1 − (𝑨 · ∇ + V )R0(λ)(1 − χ1))χ,

(3.3)

where χ1 ∈ C∞
0 (R3) such that χ1 = 1 on supp𝑨 ∪ suppV . By applying Lemma 3.2--3.3 and the 

analytic Fredholm theory again, we obtain that R𝑨,V : Hs
comp → Ht

loc can be extended to a family 
of meromorphic operators for λ ∈ C with t ∈ [s, s + 4]. From Lemma 2.1 and Lemma 3.2--3.3
we have

∥𝑨 · ∇R0(λ)χ1∥ℒ(Hs,Hs) ≲ ∥𝑨∥Ws,p(R3)3∥χR0(λ)χ∥ℒ(Hs,H−s+1)

≲ (1 + |λ|)−2−2s(eL(ℑλ)− + eL(ℜλ)−), λ ∈ S ,

and similarly

∥V R0(λ)χ1∥ℒ(Hs,Hs) ≲ ∥V ∥Ws,p(R3)(1 + |λ|)−3−2s(eL(ℑλ)− + eL(ℜλ)−), λ ∈ S .

Consequently, there holds

∥(𝑨 · ∇ + V )R0(λ)χ1∥ℒ(Hs,Hs) ≲ (1 + |λ|)−2−2s(eL(ℑλ)− + eL(ℜλ)−), λ ∈ S . (3.4)

For sufficiently small δ < 1 
2L

and sufficiently large C0, we have

∥(𝑨 · ∇ + V )R0(λ)χ∥ℒ(Hs,Hs) ≲ |λ|−1/2 < 1.

Thus, from a Neumann series argument we have (I + (𝑨 · ∇ + V )R0(λ)χ)−1 : Hs
comp → Hs

comp

is invertible. From the resolvent identity (3.3), the free resolvent estimates in Lemma 3.2 and the 
analytic Fredholm theory, we have that χR𝑨,V (λ)χ : Hs → Ht is analytic for λ ∈ S with the 
resolvent estimate

∥χR𝑨,V (λ)χ∥ℒ(Hs,H t ) ≲ (1 + |λ|)t−s−2(eL(ℑλ)− + eL(ℜλ)−), t ∈ [s, s + 4],
which completes the proof. □

Based on the above arguments, we establish the well-posedness of the direct scattering prob
lem.

10 
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Theorem 3.1. Assume that the random potential 𝑨 is a GMIG random field of order −m𝑨 in 
D ⊂ R3 and V is a GMIG random field of order −mV in D with m𝑨 > 2, mV > 2. For k
sufficiently large, the scattering problem (1.1) almost surely admits a unique solution usc ∈ Hs+4

loc

with non-positive constant s satisfying −1/2 < s < min{(m𝑨 − 3)/2, (mV − 3)/2}.

Proof. Applying Lemma 2.1 gives 𝑨 ∈ Ws,p(D)3 and V ∈ Ws,p(D) with non-positive s satis
fying −1/2 < s < min{(m𝑨 − 3)/2, (mV − 3)/2} and p ∈ [− 3

s
,+∞). In (3.3), taking χ and χ1

such that χ = 1 in D and χ1 = 1 in suppχ , we can rewrite (3.3) as

R𝑨,V (k)χ = R0(k)χ1(I + (𝑨 · ∇ + V )R0(k)χ1)
−1χ. (3.5)

Then combining (3.5) and Lemma 3.3-3.4 yields for sufficiently large k > 0 that

usc := R𝑨,V (k)((−𝑨 · ∇ + V )uinc) = R𝑨,V (k)χ((−𝑨 · ∇ + V )uinc)

is well defined and usc ∈ Hs+4
loc , which is a solution to the scattering problem (1.1).

Next we proceed to prove the uniqueness. Denote the fundamental solution of the biharmonic 
equation by

G(x,y, k) = 1 
2k2

(︄
eik|x−y|

4π |x − y| − e−k|x−y|

4π |x − y|

)︄

which is the kernel of R0(λ). Assume ũsc ∈ Hs+4
loc is a solution to the direct scattering problem 

(1.1) in distribution sense. Next we show that ũsc satisfies the Lippmann-Schwinger equation

ũsc(x) = −
∫︂
R3

G(x,y, k)(𝑨(y) · ∇ + V (y))(eikd·y + ũsc(y)) dy. (3.6)

To this end, choose a sequence {ϕn}∞n=1 ⊂ C∞(R3) such that ϕn → ũsc in Hs+4
loc . Then using 

integration by parts gives∫︂
BR

(Δ2 − k4)ϕn(y)G(x, y, k) dy

= ϕn(x) +
∫︂

∂BR

(︁
∂ν(y)(Δyϕn(y))G(x, y, k) − Δϕn(y)∂ν(y)G(x, y, k)

)︁
ds

+
∫︂

∂BR

(︁
∂ν(y)ϕn(y)ΔyG(x, y, k) − ϕn(y)∂ν(y)(ΔyG(x, y, k))

)︁
ds forx ∈ BR. (3.7)

From Sobolev embedding theorem we have ũsc ∈ Hs+4(BR) ⊂ C(BR), which implies ϕn(x) →
ũsc(x). Noticing (Δ2 − k4)ũsc ∈ Hs

comp(BR), by applying Lemma 3.2 in [15] and Sobolev em

bedding theorem we obtain G(x, ·, k) ∈ H−s(BR) as s > − 1
2 , which gives

11 
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lim 
n→∞

∫︂
BR

(Δ2 − k4)ϕn(y)G(x, y, k) dy =
∫︂
BR

(Δ2 − k4)ũsc(y)G(x, y, k) dy.

Therefore, by letting n → ∞ in (3.7) we arrive at

ũsc(x) =
∫︂
BR

(Δ2 − k4)ũsc(y)G(x, y, k) dy

+
∫︂

∂BR

(︂
∂ν(y)(Δyũ

sc(y))G(x, y, k) − Δũsc(y)∂ν(y)G(x, y, k)
)︂

ds

+
∫︂

∂BR

(︂
∂ν(y)ũ

sc(y)ΔyG(x, y, k) − ũsc(y)∂ν(y)(ΔyG(x, y, k))
)︂

ds, x ∈ BR,

which yields the Lippmann-Schwinger equation (3.6) by taking R → ∞ and using the radiation 
condition.

At last, we show that when k is sufficient large, the Lippmann-Schwinger equation admits a 
unique solution, which ensures the uniqueness of the scattering problem. It suffices to verify that 
the homogeneous equation

v(x) = −
∫︂
R3

G(x,y, k)(𝑨(y) · ∇ + V (y))v(y) dy

only admits the trivial solution in H−s
loc . The above equation can be rewritten as

v = R0(k)χ(𝑨 · ∇ + V )v.

Then applying Lemma 3.2--3.3 gives

∥χv∥H−s ≤ C(χ) 
k2s+2 ∥χv∥H−s ,

which implies χv ≡ 0 as k is large enough. Thus, noting χ = 1 in D, we have v = 0 in D. Since 
v satisfies the Helmholtz equation

(Δ2 − k4)v = 0 in R3\D,

and supp𝑨, suppV ⊂⊂ D, the unique continuation for elliptic equations implies v ≡ 0 in R3. 
The proof is complete. □

Based on the above analysis, the scattered field usc admits a Born series expansion, which is 
useful for the subsequent study of the inverse problem. Indeed, we have

12 
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usc : = R𝑨,V (k)((−𝑨 · ∇ + V )uinc) = R𝑨,V (k)χ((−𝑨 · ∇ + V )uinc)

= R0(k)χ1(I + (𝑨 · ∇ + V )R0(k)χ1)
−1χ((−𝑨 · ∇ + V )uinc)

= −R0(k)

∞ ∑︂
j=0 

(−(𝑨 · ∇ + V )R0(k))j ((𝑨 · ∇ + V )uinc), (3.8)

and from Lemma 3.2--3.3 the series

∞ ∑︂
j=0 

(−(𝑨 · ∇ + V )R0(k))j ((𝑨 · ∇ + V )uinc) =
∞ ∑︂

j=0 
(−(𝑨 · ∇ + V )χR0(k)χ)j ((𝑨 · ∇ + V )uinc)

converges in Hs for sufficiently large k. In Theorem 3.1, we obtain the well-posedness of the 
direct scattering problem (1.1) only for the large wavenumber. In fact, the condition that k is 
sufficiently large is used to ensure that the solution admits the above Born series expansion. This 
condition may not be necessary to prove the well-posedness of the direct scattering problem 
(1.1). Similarly as [9], we may use the unique continuation principle and the Rellich lemma to 
get the uniqueness, and then apply the Fredholm alternative to obtain the existence of the direct 
scattering problem (1.1). In this paper we only consider the large wavenumber case since for the 
inverse problem we need to use the Born series expansion of the solution.

4. Inverse scattering problem

In this section, we investigate the inverse scattering problem of recovering the micro
correlation strengths H and h from the farfield pattern. The scattered wave usc admits the 
asymptotic expansion as follows

usc(x) = eik|x|

|x| u∞(x̂, d, k) +𝒪
(︂ 1 

|x|2
)︂
, |x| → ∞,

where u∞(x̂, d, k) is referred to as the farfield pattern with x̂ = x
|x| . Now we expand the farfield 

pattern into Born series. For sufficiently large k, from (3.8) we have the Born series expansion 
for the scattered field

usc = −R0(k)

∞ ∑︂
j=0 

(−(𝑨 · ∇ + V )R0(k))j ((𝑨 · ∇ + V )uinc).

Notice that for fixed y and large |x|, there holds

eik|x−y|

|x − y| =
eik|x|

|x| e−ikx̂·y(1 +𝒪(|x|−1), |x| → ∞,

and e
−k|x−y|
|x−y| decays exponentially. Consequently, we have

G(x,y, k) = 1 
8πk2 e−ikx̂·y eik|x|

|x| (1 +𝒪(|x|−1)), |x| → ∞,

13 
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and the farfield pattern can be represented by Born series

u∞(x̂, d, k) = − 1 
8πk2

∫︂
R3

e−ikx̂·y(𝑨(y) · ∇ + V (y))
∑︂
j≥0 

[(−R0(k)(𝑨 · ∇ + V (y)))juinc](y) dy

= − 1 
8πk2

∫︂
R3

e−ikx̂·y[(𝑨(y) · ∇ + V (y))uinc](y) dy

− 1 
8πk2

∫︂
R3

e−ikx̂·y(𝑨(y) · ∇ + V (y))[(−R0(k)(𝑨 · ∇ + V (y)))uinc](y) dy

− 1 
8πk2

∫︂
R3

e−ikx̂·y(𝑨(y) · ∇ + V (y))
∑︂
j≥2 

[(−R0(k)(𝑨 · ∇ + V (y)))juinc](y) dy

:= u∞
0 (x̂; θ, k) + u∞

1 (x̂; θ, k) + u∞
2 (x̂; θ, k).

Now we are in the position to state main uniqueness results in this paper. Next use ⟨x̂, d⟩ to 
denote the angle between the two unit vectors x̂, d .

Theorem 4.1. Assume 2 < m𝑨 < 4, mV > 2 and m𝑨 < 6mV − 10. Moreover, suppose that 𝑨
and V are independent GMIG random fields. Let x̂, d, x̂′, d ′ ∈ S2 be such that x̂ − d = x̂′ − d ′
and the unit vectors e1 = d+x̂

|d+x̂| , e2 = x̂−d 
|x̂−d| and e3 = x̂′+d ′

|x̂′+d ′| are mutually orthogonal. Then it 
holds almost surely that

ˆ︁H(τ (x̂ − d)) = −2
m𝑨

2 +5π2 lim 
K→∞

1 
K

2K∫︂
K

3 ∑︂
i,j=1

km𝑨+2(Ji(x̂, d, k + τ)Jj (x̂, d, k))eie
T
j dk (4.1)

for all τ > 0 and all (x̂, d) in

{(x̂, d) ∈ S2 × S2 : ⟨x̂, d⟩ = π/2, x̂ − d ∉ S0}.

Here S0 ⊂ √
2S2 is a set of measure zero and Ji, i = 1,2,3, are given by

J1(x̂, d, k) =u∞(x̂, d, k) − u∞(d, x̂, k),

J2(x̂, d, k) = − (u∞(x̂, d, k) + u∞(d, x̂, k)),

J3(x̂, d, k) =u∞(x̂′, d ′, k) − u∞(d ′, x̂′, k).

Remark 4.1. 

(1) For almost every ξ ∈R3, there exists τ > 0 and x̂, d ∈ S2 such that ⟨x̂, d⟩ = π/2, x̂ − d ∉ S0
and ξ = τ(x̂ −d). Consequently, the micro-correlation strength is uniquely determined from 
the limit (4.1).

(2) It is not essential that we choose ⟨x̂, d⟩ = π/2. In fact we can choose any α ∈ (0,π) and then 
let ⟨x̂, d⟩ = α. Similar uniqueness results as (4.1) will also hold.

14 
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Theorem 4.2. Let 1 + mV < m𝑨, 12
5 < mV ≤ 5 and mV < 6m𝑨 − 12. Moreover, suppose that 𝑨

and V are independent GMIG random fields. Then for all τ > 0 and almost every d ∈ S2 it holds 
almost surely that

ˆ︁h(τ(x̂ − d))

= lim 
K→∞

1 
K

2K∫︂
K

64π2kmV +4u∞(−d, d, k + τ)u∞(−d, d, k) + 
3 ∑︂

i,j=1

k2+mV −m𝑨didj
ˆ︁Hij (−2τ x̂) dk.

(4.2)

The limit in (4.2) shows if H is known, then h can be uniquely determined from a single 
realization of the correlation backscattering farfield data by letting x̂ = −d almost surely. As 
a corollary of Theorem 4.1 and Theorem 4.2, we have the following uniqueness of determining 
both H and h by applying the analyticity of the resolvent in Lemma 3.4.

Theorem 4.3. Let 1 + mV < m𝑨 < 4 and mV > 12
5 . Then both H and h can be uniquely deter

mined from the farfield pattern {u∞(x̂, d, k) : k ∈ I, (x̂, d) ∈ B} where

B = {(x̂, d) ∈ S2 × S2 : ⟨x̂, d⟩ = π/2, x̂ − d ∉ S0} ∪ {(x̂, d) ∈ S2 × S2 : x̂ = −d}.

Here S0 ⊂ √
2S2 is a set of measure zero and I = [K0,K1] where K1 > K0 > C0 with C0 being 

specified in Lemma 3.4.

In next two subsections, we will prove Theorem 4.1 and Theorem 4.2, respectively. Before 
that, we build the relation between the Fourier transform of the micro-correlation strength and 
the Fourier transform of the random potential. We have

E[ˆ︁𝑨(ξ)ˆ︁𝑨(η)
T ] = E

⎛⎜⎝∫︂
R3

∫︂
R3

𝑨(x)𝑨(y)T e−iξ ·xeiη·y dxdy

⎞⎟⎠
=
∫︂
R3

∫︂
R3

K𝑨(x, y)e−iξ ·xeiη·y dxdy

= (2π)−3
∫︂
R3

∫︂
R3

∫︂
R3

e−i(ξ ·x−η·y)ei(x−y)·ζ c𝑨(x, ζ ) dζdxdy

=
∫︂
R3

∫︂
R3

eix·(ζ−ξ)c𝑨(x, ζ )δ(η − ζ ) dζdx =
∫︂
D

e−ix·(ξ−η)c𝑨(x, η) dx

=
∫︂
R3

e−ix·(ξ−η)H(x)|η|−m𝑨 dx + O(|η|−(m𝑨+1))

= |η|−m𝑨ˆ︁H(ξ − η) +𝒪(|η|−(m𝑨+1)), |η| → ∞. (4.3)

15 
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Similarly, there holds

E[ˆ︁V (ξ)ˆ︁V (η)] = |η|−mVˆ︁h(ξ − η) + O(|η|−(mV +1)), |η| → ∞. (4.4)

In order to determine H and h, we will establish relations between the left hand sides of 
(4.3)--(4.4) and the correlation of the farfield pattern.

4.1. Recovery of the first order perturbation

In this section, we will prove Theorem 4.1. We firstly show the determining of H from the 
zeroth-order term of the farfield pattern.

Lemma 4.1. Given x̂, d ∈ S2 with ⟨x̂, d⟩ = π
2 , take x̂′, d ′ ∈ S2 such that x̂ − d = x̂′ − d ′. If 

m𝑨 < 2 + mV , then there holds the limit

ˆ︁H(τ (x̂ − d)) = −2
m𝑨

2 +5π2 lim 
k→∞ km𝑨+2

3 ∑︂
i,j=1

E[Ii(x̂, d, k + τ)Ij (x̂, d, k)]eie
T
j

for all τ > 0, where e1, e2, e3 are mutually orthogonal unit vectors given as e1 = d+x̂
|d+x̂| , e2 =

x̂−d 
|x̂−d| , e3 = x̂′+d ′

|x̂′+d ′| and Ij (x̂, d, k) are given by

I1(x̂, d, k) =u∞
0 (x̂, d, k) − u∞

0 (d, x̂, k),

I2(x̂, d, k) = − (u∞
0 (x̂, d, k) + u∞

0 (d, x̂, k)),

I3(x̂, d, k) =u∞
0 (x̂′, d ′, k) − u∞

0 (d ′, x̂′, k).

Proof. The zeroth-order term of the farfield pattern can be represented by

u∞
0 (x̂, d, k) = − 1 

8π

⎛⎜⎝ i 
k

∫︂
R3

(𝑨(y) · d)e−iky·(x̂−d) dy + 1 
k2

∫︂
R3

V (y)e−iky·(x̂−d) dy

⎞⎟⎠ . (4.5)

We use the farfield pattern to express the Fourier transform of 𝑨. To this end, notice

ˆ︁𝑨(k(x̂ − d)) =
3 ∑︂

j=1 
(ˆ︁𝑨(k(x̂ − d)) · ej )ej = e1

∫︂
R3

𝑨(y) · x̂ + d 
|x̂ + d|e

−iky·(x̂−d) dy

+ e2

∫︂
R3

𝑨(y) · x̂ − d 
|x̂ − d|e

−iky·(x̂−d) dy + e3

∫︂
R3

𝑨(y) · x̂′ + d ′

|x̂′ + d ′|e
−iky·(x̂−d) dy, (4.6)

Combining (4.5)--(4.6) and direct calculations give
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ˆ︁𝑨(k(x̂ − d)) +
√

2i

k
ˆ︁V (k(x̂ − d))e2 = 4

√
2πki(u∞

0 (x̂, d, k) − u∞
0 (d, x̂, k))e1

− 4
√

2πki(u∞
0 (x̂, d, k) + u∞

0 (d, x̂, k))e2 + 4
√

2πki(u∞
0 (x̂′, d ′, k) − u∞

0 (d ′, x̂′, k))e3

:= 4
√

2kπ i
3 ∑︂

j=1 
Ij (x̂, d, k)ej .

By taking covariance we have

E[ˆ︁𝑨((k + τ)(x̂ − d))ˆ︁𝑨(k(x̂ − d))
T ] − 2 

k2E[ˆ︁V ((k + τ)(x̂ − d))ˆ︁V (k(x̂ − d))]e2e
T
2

= −2
m𝑨

2 +5π2k2
3 ∑︂

i,j=1

E[Ii(x̂, d, k + τ)Ij (x̂, d, k)]eie
T
j

Letting ξ = (k + τ)(x̂ − d) and η = k(x̂ − d) in (4.3), we obtain

E[ˆ︁𝑨((k + τ)(x̂ − d))ˆ︁𝑨(k(x̂ − d))
T ] = (

√
2k)−m𝑨ˆ︁H(τ (x̂ − d)) + O(|k|−(m𝑨+1)), k → ∞.

(4.7)

Combining (4.3), (4.4) and (4.7), we have

ˆ︁H(τ (x̂ − d)) = − 2
m𝑨

2 +5π2km𝑨+2
3 ∑︂

i,j=1

E[Ii(x̂, d, k + τ)Ij (x̂, d, k)]eie
T
j

+ O(k−1) + O(km𝑨−2−mV ). □
The results in Lemma 4.1 imply that H can be uniquely determined by the expectation of high 

frequency limit of the farfield data. However, the expectation requires the measurements at all 
sample paths of the random potentials. The following lemma shows that H can also be recovered 
by the farfield data at a single sample almost surely.

Lemma 4.2. For 2 < m𝑨 < mV + 2, mV > 2, there holds

ˆ︁H(τ (x̂ − d)) = −2
m𝑨

2 +5π2 lim 
K→∞

1 
K

2K∫︂
K

3 ∑︂
i,j=1

km𝑨+2(Ii(x̂, d, k + τ)Ij (x̂, d, k))eie
T
j dk

for all τ > 0 and x̂, d ∈ S2 with ⟨x̂, d⟩ = π
2 .

In order to prove the above lemma, one only needs to show that

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2(Ii(x̂, d, k + τ)Ij (x̂, d, k) −E[Ii(x̂, d, k + τ)Ij (x̂, d, k)]) dk = 0,

i, j = 1,2,3. (4.8)
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To this end, we need the following lemma on ergodicity of the stochastic process [3, p. 91].

Lemma 4.3. Let Xt with t ≥ 0 be a real-valued stochastic process with continuous paths. In 
addition, the process Xt satisfies EXt = 0 and there exist non-negative constants c0 c1, c2, 
satisfying 0 ≤ 2c1 < c2 < 1 such that

|E(XsXt )| ≲ sc1 + tc1

1 + |s − t |c2

for any s, t ≥ c0. Then it holds almost surely that

lim 
T →∞

1 
T

2T ∫︂
T

Xt dt = 0.

Proof of Lemma 4.2. It is straightforward to verify that E[Ii(x̂, d, k + τ)Ij (x̂, d, k)]) is a linear 
combination of the following terms

E[u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ)],E[u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ)],
E[u∞

0 (x̂1, d1, k + τ)u∞
0 (x̂2, d2, k)],E[u∞

0 (x̂1, d1, k)u∞
0 (x̂2, d2, k + τ)]

where

x̂j , dj ∈ {x̂, d, x̂′, d ′} with x̂j − dj = ±(x̂ − d), j − 1,2.

Thus, in order to prove (4.8), it suffices to verify

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2(u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ) − E[u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ)]) dk = 0,

(4.9)

since other terms can be treated in a similar way. By direct calculations, we obtain

u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ) −E[u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ)]
=

∑︂
Wk∈𝒜

C(Wk)(W
2
k −EW 2

k ),

where

𝒜 :=
{︂
ℜu∞

0 (x̂1, d1, k),ℑu∞
0 (x̂1, d1, k),ℜu∞

0 (x̂2, d2, k + τ),ℑu∞
0 (x̂2, d2, k + τ),

ℜu∞
0 (x̂1, d1, k) − ℜu∞

0 (x̂2, d2, k + τ),ℑu∞
0 (x̂1, d1, k) + ℑu∞

0 (x̂2, d2, k + τ),

ℜu∞
0 (x̂1, d1, k) − ℑu∞

0 (x̂2, d2, k + τ),ℑu∞
0 (x̂1, d1, k) − ℜu∞

0 (x̂2, d2, k + τ)
}︂
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and the constants C(Wk) ∈ { 1+i
2 ,− 1

2 ,− i 
2 }. Let Xk := km𝑨+2(W 2

k −EW 2
k ). Recalling u∞

0 is given 
by (4.5) and |x̂1 − d1| = |x̂2 − d2|, according to [2, Proposition 4.3], we have

|E(Xk1Xk2)| ≲
1 + k

m𝑨−mV −2
1

1 + |k1 − k2| 
for k1, k2 > 1. Notice that m𝑨 − mV − 2 < 1/2. Then applying Lemma 4.3 yields (4.8). Com
bining Lemma 4.1 and (4.8) completes the proof. □

Notice that for any ξ ∈ R3, there exists τ > 0 and x̂, d ∈ S2 such that ⟨x̂, d⟩ = π
2 and 

ξ = τ(x̂ − d). Therefore, the above lemma shows the unique determination of H from a sin
gle realization of zero-order terms in Born series of the farfield pattern.

In what follows, in order to determine H from the farfield pattern, we estimate the error 
between the correlation of the farfield pattern and that of the zeroth-order term in Born series. 
Denote

J1(x̂, d, k) =u∞(x̂, d, k) − u∞(d, x̂, k),

J2(x̂, d, k) = − (u∞(x̂, d, k) + u∞(d, x̂, k)),

J3(x̂, d, k) =u∞(x̂′, d ′, k) − u∞(d ′, x̂′, k).

It is enough show

lim 
K→∞

1 
K

2K∫︂
K

3 ∑︂
i,j=1

km𝑨+2(Ii(x̂, d, k + τ)Ij (x̂, d, k) − Ji(x̂, d, k + τ)Jj (x̂, d, k))eie
T
j dk = 0.

(4.10)

Similar to the arguments above, we can derive (4.10) from

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2(u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ) − u∞(x̂1, d1, k)u∞(x̂2, d2, k + τ)) dk = 0

(4.11)

with

x̂j , dj ∈ {x̂, d, x̂′, d ′} such that x̂j − dj = ±(x̂ − d), j = 1,2.

Notice that by applying the Cauchy-Schwartz inequality we have

1 
K

2K∫︂
K

km𝑨+2|u∞
0 (x̂1, d1, k)u∞

0 (x̂2, d2, k + τ) − u∞(x̂1, d1, k)u∞(x̂2, d2, k + τ)| dk
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≲
2 ∑︂

i,j=1

1 
K

⎛⎝ 2K∫︂
K

km𝑨+2|u∞
i (x̂1, d1, k)|2 dk +

2K∫︂
K

km𝑨+2|u∞
j (x̂2, d2, k + τ)|2 dk

⎞⎠

+

⌜⃓⃓⃓
⎷ 1 

K

2K∫︂
K

km𝑨+2|u∞
i (x̂2, d2, k + τ)|2 dk

⌜⃓⃓⃓
⎷ 1 

K

2K∫︂
K

km𝑨+2|u∞
0 (x̂1, d1, k)|2 dk

+

⌜⃓⃓⃓
⎷ 1 

K

2K∫︂
K

km𝑨+2|u∞
j (x̂1, d1, k)|2 dk

⌜⃓⃓⃓
⎷ 1 

K

2K∫︂
K

km𝑨+2|u∞
0 (x̂2, d2, k + τ)|2 dk

≲
2 ∑︂

i,j=1

1 
K

⎛⎝ 2K∫︂
K

km𝑨+2|u∞
i (x̂1, d1, k)|2 dk +

2K∫︂
K

km𝑨+2|u∞
j (x̂2, d2, k + τ)|2 dk

⎞⎠

+

⌜⃓⃓⃓
⎷ 1 

K

2K∫︂
K

km𝑨+2|u∞
i (x̂2, d2, k + τ)|2 dk +

⌜⃓⃓⃓
⎷ 1 

K

2K∫︂
K

km𝑨+2|u∞
j (x̂1, d1, k)|2 dk. (4.12)

Hence, to prove (4.11), we give the following two lemmas, which show under some proper 
conditions, the right-hand side of (4.12) vanishes as K turns to infinity.

Lemma 4.4. For 2 < m𝑨 < 4, there almost surely holds

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2|u∞
1 (x̂, d, k)|2 dk = 0

for all (x̂, d) in the set

{(x̂, d) ∈ S2 × S2 : ⟨x̂, d⟩ = π/2, x̂ − d ∉ S0},
where S0 ⊂ √

2S2 is a set of measure zero.

Lemma 4.5. When 2 < m𝑨 < 6mV − 10 and m𝑨 < 8, there almost surely holds

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2|u∞
2 (x̂, d, k)|2 dk = 0

for all x̂, d ∈ S2.

Proof of Lemma 4.4. By applying integration by parts we have

u∞
1 (x̂, d, k) = −1 

8πk2

∫︂
R3

e−ikx̂·y(𝑨(y) · ∇ + V (y))[(−R0(k)(𝑨 · ∇ + V ))uinc](y) dy
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= −1 
8πk2

∫︂
R3

(e−ikx̂·y(−ikx̂) · 𝑨(y) + e−ikx̂·yV (y))[(−R0(k)(𝑨 · ∇ + V ))uinc](y) dy

= 1 
8πk2

∫︂
R3

∫︂
R3

eik(d·s−x̂·y)G(y, s)V (y)V (s) ds dy

− i 
8πk

∫︂
R3

∫︂
R3

eik(d·s−x̂·y)G(y, s)(x̂ · 𝑨(y))V (s) ds dy

+ i 
8πk

∫︂
R3

∫︂
R3

eik(d·s−x̂·y)G(y, s)(d · 𝑨(s))V (y) ds dy,

− 1 
8π

∫︂
R3

∫︂
R3

eik(d·s−x̂·y)G(y, s)(x̂ · 𝑨(y))(d · 𝑨(s)) ds dy := 1 
8π

4 ∑︂
j=1 

u∞
1,j (x̂, d, k).

Subsequently, it remains to prove that

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2|u∞
1,j (x̂, d, k)|2 dk = 0, j = 1, ...,4. (4.13)

By the dominated convergence theorem, (4.13) is implied by

∞ ∫︂
1 

km𝑨+1|u∞
1,j (x̂, d, k)|2 dk < ∞, j = 1, ...,4. (4.14)

We only prove (4.14) for u∞
1,4(x̂, d, k) since under the assumption that 𝑨 and V are independent, 

the other terms can be estimated similarly and they even decay faster when k → ∞. To this end, 
consider the mollification 𝑨ϵ := 𝑨 ∗ χϵ , where χϵ(x) = 1 

ϵ3 χ(x
ϵ
) with χ ∈ C∞

0 (R3) such that ∫︁
R3 χ dx = 1. Then consider

ũ∞
1,4,ϵ(x̂, d, k) =

∫︂
R3

∫︂
R3

eik(d·s−x̂·y)G(y, s)(x̂ · 𝑨ϵ(y))(d · 𝑨ϵ(s)) ds dy

Taking z = s + y, z′ = y − s and then letting z′ = ρω, we obtain

u∞
1,4,ϵ(θ, θ ′, k) := ũ∞

1,4,ϵ(x̂, d, k)

= 1 
8πk2

∫︂
R3

∫︂
R3

eik(z·θ+z′·θ ′)𝑨ϵ

(︃
z + z′

2 

)︃
· x̂𝑨ϵ

(︃
z − z′

2 

)︃
· d eik|z′| − e−k|z′|

|z′| dz dz′

= 1 
8πk2

∫︂
R3

∞ ∫︂
0 

∫︂
S2

eik(z·θ+ρω·θ ′)𝑨ϵ

(︃
z + ρω

2 

)︃
· x̂𝑨ϵ

(︃
z − ρω

2 

)︃
· d(eikρ − e−kρ)ρ dσ(ω) dρ dz,
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where 2θ = d − x̂, −2θ ′ = x̂ + d . By the Fatóu Lemma, the estimate

lim sup
ϵ→0 

E

∫︂
√

2
2 S2

∞ ∫︂
1 

km𝑨+1|u∞
1,4,ϵ(θ, θ ′, k)|2 dk dσ(θ) < ∞ (4.15)

ensures the inequality

E

∫︂
√

2
2 S2

∞ ∫︂
1 

km𝑨+1|u∞
1,4(θ, θ ′, k)|2 dk dσ(θ) < ∞.

As a consequence, we have

∞ ∫︂
1 

km𝑨+1|u∞
1,4(θ, θ ′, k)|2 dk < ∞

which almost surely holds for almost every θ ∈
√

2
2 S

2 and any θ ′ ∈
√

2
2 S

2. Thus, for j = 4, (4.14)
almost surely holds for all (x̂, d) in

{(x̂, d) ∈ S2 × S2 : ⟨x̂, d⟩ = π/2, x̂ − d ∉ S0},
where S0 ⊂ √

2S2 is a set of measure zero. Based on the above discussions, we only need to 
prove (4.15). Denote

fϵ(z, ρ, k) = 1[0,∞)ρ

∫︂
S2

eikρω·θ ′
𝑨ϵ

(︃
z + ρω

2 

)︃
· x̂𝑨ϵ

(︃
z − ρω

2 

)︃
· d dσ(ω)

and

Tfϵ(z, k) =
∫︂
R 

(eikρ + e−kρ)fϵ(z, ρ, k) dρ,

which gives

u∞
1,4,ϵ(θ, θ ′, k) = 1 

8πk2

∫︂
R3

eikz·θTfϵ(z, k) dz. (4.16)

Thanks to [2, Lemma 4.7], there holds the estimate

∫︂
√

2
2 S2

k2

⃓⃓⃓⃓
⃓⃓⃓∫︂
R3

eikz·θTfϵ(z, k) dz

⃓⃓⃓⃓
⃓⃓⃓
2

dσ(θ) ≲
∫︂
R3

|Tfϵ(z, k)|2 dz. (4.17)
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Combining (4.16)--(4.17), we obtain

∫︂
√

2
2 S2

∞ ∫︂
1 

km𝑨+1|u∞
1,4,ϵ(θ, θ ′, k)|2 dk dσ(θ)≲

∞ ∫︂
1 

km𝑨−5
∫︂
R3

|Tfϵ(z, k)|2 dz dk.

Hence, it suffices to show

lim sup
ϵ→0 

E

∞ ∫︂
1 

km𝑨−5
∫︂
R3

|Tfϵ(z, k)|2 dz dk < ∞. (4.18)

Notice that

Tfϵ(z, k) =
∞ ∫︂

0 

∫︂
S2

(eikρ + e−kρ)ρeikρω·θ ′
𝑨ϵ

(︃
z + ρω

2 

)︃
· x̂𝑨ϵ

(︃
z − ρω

2 

)︃
· d dσ(ω) dρ

=
∫︂
R3

(eik|z′| + e−k|z′|)|z′|−1eikz′·θ ′
𝑨ϵ

(︃
z + z′

2 

)︃
· x̂𝑨ϵ

(︃
z − z′

2 

)︃
· d dz′.

Applying the Isserli’s theorem gives

E|Tfϵ(z, k)|2

=
∫︂
R3

∫︂
R3

(eik|z′| + e−k|z′|)(e−ik|z̃′| + e−k|z̃′|)eik(z′−z̃′)·θ ′ |z′|−1|z̃′|−1E[X1X2X3X4] dz′ dz̃′

=
∫︂
R3

∫︂
R3

(eik|z′| + e−k|z′|)(e−ik|z̃′| + e−k|z̃′|)eik(z′−z̃′)·θ ′ |z′|−1|z̃′|−1E[X1X2]E[X3X4] dz′ dz̃′

+
∫︂
R3

∫︂
R3

(eik|z′| + e−k|z′|)(e−ik|z̃′| + e−k|z̃′|)eik(z′−z̃′)·θ ′ |z′|−1|z̃′|−1E[X1X3]E[X2X4] dz′ dz̃′

+
∫︂
R3

∫︂
R3

(eik|z′| + e−k|z′|)(e−ik|z̃′| + e−k|z̃′|)eik(z′−z̃′)·θ ′ |z′|−1|z̃′|−1E[X1X4]E[X2X3] dz′ dz̃′

≲
∫︂
R3

∫︂
R3

|z′|−1|z̃′|−1(|E[X1X2]E[X3X4]| + |E[X1X3]E[X2X4]| + |E[X1X4]E[X2X3]|) dz′ dz̃′,

where

X1 = 𝑨ϵ

(︃
z + z′

2 

)︃
· x̂, X2 = 𝑨ϵ

(︃
z − z′

2 

)︃
· d, X3 = 𝑨ϵ

(︃
z + z̃′

2 

)︃
· x̂, X4 = 𝑨ϵ

(︃
z − z̃′

2 

)︃
· d.

We also have
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lim 
ϵ→0

E[X1X2] = lim 
ϵ→0

E

[︃
𝑨ϵ

(︃
z + z′

2 

)︃
· x̂𝑨ϵ

(︃
z − z′

2 

)︃
· d
]︃

=
3 ∑︂

i,j=1

Kij

(︃
z + z′

2 
,
z − z′

2 

)︃
x̂idj ,

where Kij (x, y) = (K𝑨(x, y))ij . Recalling Lemma 2.2, we know that for m𝑨 > 2, Kij (x, y) is 
weakly singular, which yields that the above limit holds in point-wise sense. It can be verified 
that similar conclusions hold for all E[XiXj ], i, j = 1,2,3,4. Notice that the support of 𝑨 is 
compact. When 2 < m𝑨 < 4, using Lemma 2.2, there exists R0 > 0 such that

lim sup
ϵ→0 

E

∫︂
R3

∞ ∫︂
1 

km𝑨−5|Tfϵ(z, k)|2 dk dz = lim sup
ϵ→0 

∞ ∫︂
1 

km𝑨−5
∫︂
R3

E|Tfϵ(z, k)|2 dz dk

≲
∞ ∫︂

1 

km𝑨−5
∫︂

|z|<R0

∫︂
|z′|<R0

∫︂
|z̃′|<R0

|z′|−1|z̃′|−1(|z′|−1|z̃′|−1 + |z′ − z̃′|−2 + |z′ + z̃′|−2) dz̃′ dz′ dz dk.

< ∞.

In summary, we have proven (4.15) for j = 4, which yields (4.13) for j = 4. The remaining cases 
of (4.13) for j = 1,2,3 can be treated in a similar way. □
Proof of Lemma 4.5. Recall that the higher order terms are given by

u∞
2 (x̂, d, k) = − 1 

8πk2

∫︂
R3

e−ikx̂·y(𝑨 · ∇ + V (y))
∑︂
j≥2 

[(−R0(k)(𝑨 · ∇ + V (y)))j uinc](y) dy.

By applying the regularity result in Lemma 2.1, the resolvent estimates in Lemma 3.2, and the 
Sobolev inequality in Lemma 3.3 we have the estimate

|u∞
2 (x̂, d, k)|≲ 1 

k2

∑︂
j≥2 

∥e−ikx̂·yχ∥H−s ∥((𝑨 · ∇ + V (y))R0(k))j (𝑨 · ∇ + V (y))eikx̂·d∥Hs

≲ 1 
k2

∑︂
j≥2 

k−sk−j (2+2s)∥(𝑨 · ∇ + V (y))eikx̂·d∥Hs

≲ 1 
k2

∑︂
j≥2 

k−sk−j (2+2s)∥eikx̂·d∥H−s+1 ≲
∑︂
j≥2 

k−j (2+2s)−1−2s ≲ k−5−6s

for non-positive s such that −1/2 < s < min{(m𝑨 − 3)/2, (mV − 3)/2}, which gives

km𝑨+2|u∞
2 (x̂1, d1, k)|2 ≲ k−(8+12s−m𝑨).

Hence, there holds

lim 
K→∞

1 
K

2K∫︂
K

km𝑨+2|u∞
2 (x̂1, d1, k)|2 dk = 0
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if s satisfies 8 + 12s − m𝑨 > 0 and −1/2 < s < min{(m𝑨 − 3)/2, (mV − 3)/2}, i.e., 2 < m𝑨 <

6mV − 10. □
Proof of Theorem 4.1. Combining Lemma 4.4--4.5 and (4.12) gives (4.11), which implies 
(4.10). Then together with (4.10) and Lemma 4.2, the proof of Theorem 4.1 is completed. □
4.2. Recovery of the zeroth-order perturbation

In this section, we determine the micro-correlation strength h of the potential V given the 
micro-correlation strength H from the backscattering farfield pattern. The following lemma 
shows that h can be determined from a single realization of the zeroth-order term of the farfield 
pattern together with H.

Lemma 4.6. Let 1 + mV < m𝑨. Then for all τ > 0 and d ∈ S2 there holds almost surely that

ˆ︁h(τ(x̂ − d))

= lim 
K→∞

1 
K

2K∫︂
K

64π2kmV +4u∞
0 (−d, d, k + τ)u∞

0 (−d, d, k) + 
3 ∑︂

i,j=1

k2+mV −m𝑨didjHij (−2τ x̂) dk.

Proof. By taking x̂ = −d in (4.5) and taking the covariance, we have

E[u∞
0 (−d, d, k + τ)u∞

0 (−d, d, k)]

= 1 
64π2k4

(︂
− k2E

∫︂
R3

∫︂
R3

(𝑨(y) · d 𝑨(z) · d)e2i(k+τ)y·d−2ikz·d dy dz

+E

∫︂
R3

∫︂
R3

V (y)V (z)e2i(k+τ)y·d−2ikz·d dy dz
)︂
.

Then we have

64π2k4E[u∞
0 (−d, d, k + τ)u∞

0 (−d, d, k)]

= E[ˆ︁V (−2(k + τ)d)ˆ︁V (2kd)] −
3 ∑︂

i,j=1

k2didjE[ˆ︁𝑨j (−2(k + τ)d)ˆ︁𝑨i (2kd)]. (4.19)

From (4.3) and (4.4) we obtain

64π2k4E[u∞
0 (−d, d, k + τ)u∞

0 (−d, d, k)] +
3 ∑︂

i,j=1

k2(didjHij (−2τ x̂)k−m𝑨 + O(1/k1+m𝑨))

= h(−2τ x̂)k−mV + O(k−1−mV ),

which yields

25 



G. Bao, T. Wang, X. Xu et al. Journal of Differential Equations 466 (2026) 114311 

h(−2τ x̂) = 64π2k4+mV E[u∞
0 (−d, d, k + τ)u∞

0 (−d, d, k)] + O(k−1) + O(kmV +1−m𝑨)

+
3 ∑︂

i,j=1

k2+mV −m𝑨didjHij (−2τ x̂). (4.20)

From (4.20), similar ergodicity arguments as the proof of Lemma 4.2 complete the proof. □
Following the arguments in Section 4.1, to further recover h from the farfield pattern, it 

suffices to prove

lim 
k→∞

1 
K

2K∫︂
K

kmV +4|u∞
j (−d, d, k)|2 dk = 0, j = 1,2.

Lemma 4.7. Assume 2 < mV ≤ 5 and m𝑨 > mV + 1. Then

lim 
k→∞

1 
K

2K∫︂
K

kmV +4|u∞
1 (−d, d, k)|2 dk = 0

almost surely holds for almost every d ∈ S2.

Lemma 4.8. Assume mV > 12
5 , mV < 6m𝑨 − 12. Then there holds

lim 
k→∞

1 
K

2K∫︂
K

kmV +4|u∞
2 (−d, d, k)|2 dk = 0

for all d ∈ S2.

Proof of Lemma 4.7. As in the proof of Lemma 4.4, we have

u∞
1 (x̂, d, k) = 1 

8π

4 ∑︂
j=1 

u∞
1,j (x̂, d, k).

We first verify

lim 
K→∞

1 
K

2K∫︂
K

kmV +4|u∞
1,4(−d, d, k)|2 dk = 0.

To end this, we start from the mollification
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ũ∞
1,4,ϵ(−d, d, k)

= − 1 
8πk2

∫︂
R3

∫︂
R3

eikz·da𝑨ϵ

(︃
z + z′

2 

)︃
· d𝑨ϵ

(︃
z − z′

2 

)︃
· d eik|z′| − e−k|z′|

|z′| dz dz′

= − 1 
8πk2

∫︂
R3

∞ ∫︂
0 

∫︂
S2

eikz·d𝑨ϵ

(︃
z + ρω

2 

)︃
· d𝑨ϵ

(︃
z − ρω

2 

)︃
· d(eikρ − e−kρ)ρ dσ(ω) dρ dz.

We want to prove

E

∫︂
S2

∞ ∫︂
1 

kmV +3|u∞
1,4(−d, d, k)|2 dk dσ(ω) < ∞, (4.21)

which almost surely gives

∞ ∫︂
1 

kmV +3|u∞
1,4(−d, d, k)|2 dk < ∞

for almost every d ∈ S2. By the Fatóu Lemma, the estimate

lim sup
ϵ→0 

E

∫︂
S2

∞ ∫︂
1 

kmV +3|ũ∞
1,4,ϵ(−d, d, k)|2 dk dσ(d) < ∞ (4.22)

implies (4.21). To arrive at the estimate (4.22), we denote

fϵ(z, ρ) = −1[0,∞)ρ

∫︂
S2

𝑨ϵ

(︃
z + ρω

2 

)︃
· d𝑨ϵ

(︃
z − ρω

2 

)︃
· d dσ(ω)

and

Tfϵ(z, k) =
∫︂
R 

(eikρ + e−kρ)fϵ(z, ρ) dρ,

which gives

ũ∞
1,4,ϵ(−d, d, k) = 1 

8πk2

∫︂
R3

eikz·dTfϵ(z, k) dz. (4.23)

Applying [2, Lemma 4.7], there holds the estimate
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∫︂
S2

k2

⃓⃓⃓⃓
⃓⃓⃓∫︂
R3

eikz·dTfϵ(z, k) dz

⃓⃓⃓⃓
⃓⃓⃓
2

dσ(d)≲
∫︂
R3

|Tfϵ(z, k)|2 dz. (4.24)

Combining (4.23)--(4.24) yields

∫︂
S2

∞ ∫︂
1 

kmV +3|ũ∞
1,4,ϵ(−d, d, k)|2 dk dσ(d)≲

∫︂
R3

∞ ∫︂
1 

kmV −3|Tfϵ(z, k)|2 dz dk. (4.25)

Recall that

Tfϵ(z, k) =
∫︂
R 

(eikρ + e−kρ)fϵ(z, ρ) dρ = (2π)3ℱ−1(fϵ(z, ·))(k) + L (f̃ϵ(z, ·))(k) (4.26)

with f̃ϵ(z, ·) = fϵ(z, ·)|[0,∞), where L (g) is the Laplace transform of g defined as follows

L (g)(s) :=
∞ ∫︂

0 

g(x)e−sx dx, s > 0.

Then inserting the following identities

ℱ−1(∂xg)(s) = −isĝ(ξ), L (g)(s) = g(0) + L (∂xg)(s)

into (4.25) and (4.26) gives

∫︂
S2

∞ ∫︂
1 

kmV +3|ũ∞
1,4,ϵ(−d, d, k)|2 dk dσ(d)≲

∫︂
R3

∞ ∫︂
1 

k2N |Tfϵ(z, k)|2 dz dk

≲
∫︂
R3

∫︂
R 

|∂N
ρ fϵ(z, ρ)|2 dρ dz, (4.27)

with N given by

N =
{︄

0, 2 < mV ≤ 3,

1, 3 < mV ≤ 5,

where we have also used the Plancherel identity and the boundedness of the Laplace transform 
in L2(R+). It is easy to verify that the support of fϵ is compact. Therefore, (4.27) implies that 
there exists R0 > 0 such that
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lim sup
ϵ→0 

E

∫︂
√

2
2 S2

∞ ∫︂
1 

kmV +3|ũ∞
1,4,ϵ(−d, d, k)|2 dk dσ(d)

≲ lim sup
ϵ→0 

E

∫︂
|z|<R0

∫︂
|ρ|<R0

|∂N
ρ fϵ(z, ρ)|2 dρ dz. (4.28)

Now to prove (4.22), one only needs to show that

lim sup
ϵ→0 

E

∫︂
|z|<R0

∫︂
|ρ|<R0

|∂N
ρ fϵ(z, ρ)|2 dρ dz < ∞. (4.29)

To this end, we first consider the case 3 < mV ≤ 5. Notice that there holds

∂ρfϵ(z, ρ) = −1[0,∞)(ρ)

∫︂
S2

𝑨ϵ

(︃
z + ρω

2 

)︃
· d𝑨ϵ

(︃
z − ρω

2 

)︃
· d dσ(ω)

− ρ1[0,∞)(ρ)

∫︂
S2

3 ∑︂
i,j=1

diωj

2 
∂j𝑨ϵ,i

(︃
z + ρω

2 

)︃
𝑨ϵ

(︃
z − ρω

2 

)︃
· d dσ(ω)

+ ρ1[0,∞)(ρ)

∫︂
S2

3 ∑︂
i,j=1

diωj

2 
∂j𝑨ϵ,i

(︃
z − ρω

2 

)︃
𝑨ϵ

(︃
z + ρω

2 

)︃
· d dσ(ω)

:= f1,ϵ(z, ρ) + f2,ϵ(z, ρ) + f3,ϵ(z, ρ).

Taking covariance gives

E|∂ρfϵ(z, ρ)|2 =
3 ∑︂

i,j=1

E[fi,ϵ(z, ρ)fj,ϵ(z, ρ)].

We first consider E[f3,ϵ(z, ρ)f3,ϵ(z, ρ)]. In fact, by the Isserli’s theorem there holds

E[f3,ϵ(z, ρ)f3,ϵ(z, ρ)] = ρ21[0,∞]
∫︂
S2

∫︂
S2

E[Y1Y2Y3Y4] dσ(ω) dσ(ω̃)

= ρ21[0,∞)(ρ)
{︂∫︂
S2

∫︂
S2

E[Y1Y2]E[Y3Y4] dσ(ω) dσ(ω̃)

+
∫︂
S2

∫︂
S2

E[Y1Y3]E[Y2Y4] dσ(ω) dσ(ω̃)

+
∫︂
S2

∫︂
S2

E[Y1Y4]E[Y2Y3] dσ(ω) dσ(ω̃)
}︂
, (4.30)
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where

Y1 :=
3 ∑︂

i,j=1

diωj

2 
∂j𝑨ϵ,i

(︃
z − ρω

2 

)︃
, Y2 := 𝑨ϵ

(︃
z + ρω

2 

)︃
· d,

Y3 :=
3 ∑︂

i,j=1

diω̃j

2 
∂j𝑨ϵ,i

(︃
z − ρω̃

2 

)︃
, Y4 := 𝑨ϵ

(︃
z + ρω̃

2 

)︃
· d.

We also have

lim 
ϵ→0

E[Y1Y3] = lim 
ϵ→0

E

⎡⎣ 3 ∑︂
i,j=1

diωj

2 
∂j𝑨ϵ,i

(︃
z − ρω

2 

)︃ 3 ∑︂
l.s=1

dsω̃l

2 
∂l𝑨ϵ,s

(︃
z − ρω̃

2 

)︃⎤⎦
=

4 ∑︂
i,j,l,s=1

diωjdsω̃l

4 
∂1,j ∂2,lKi,s

(︃
z − ρω

2 
,
z − ρω̃

2 

)︃
,

where ∂1,j ∂2,lKi,s(x, y) := ∂xj
∂yl

Ki,s(x, y). Recalling Lemma 2.2, we know that for m𝑨 > 2, 
∂1,j ∂2,lKi,s is weakly singular. Thus, the above limit holds in point-wise sense. Similar conclu
sions hold for the other E[YiYj ] (i, j = 1,2,3,4). Furthermore, as mV ∈ (3,5] and m𝑨 > mV +1
implies that m𝑨 > 4, from (4.30) we have

lim sup
ϵ→0 

E

∫︂
|z|<R0

∫︂
|ρ|<R0

[f3,ϵ(z, ρ)f3,ϵ(z, ρ)] dρ dz

≲
∫︂

|z|<R0

R0∫︂
0 

ρ2
∫︂
S2

∫︂
S2

|ρω|m𝑨−4|ρω̃|m𝑨−4 + |ρ(ω − ω̃)|m𝑨−5

+ |ρ(ω + ω̃)|2(m𝑨−4) dσ(ω̃) dσ(ω) dρ dz < ∞,

which completes the proof for mV ∈ (3,5]. Similarly we can verify

lim sup
ϵ→0 

E

∫︂
|z|<R0

∫︂
|ρ|<R0

[fi,ϵ(z, ρ)fj,ϵ(z, ρ)] dρ dz < ∞, i, j = 1,2,3. (4.31)

Moreover, we can obtain (4.31) for mV ∈ (2,3) in a similar way. Hence, we have (4.29) which 
yields (4.22). Using similar arguments as above we have the following limits for the remaining 
cases

lim 
K→∞

1 
K

2K∫︂
K

kmV +4|u∞
1,j (−d, d, k)|2 dk = 0, j = 1,2,3,

which complete the proof. □
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Proof of Lemma 4.8. Recalling the proof of Lemma 4.5, we have known that

kmV +4|u∞
2 (−d, d, k)|2 ≲ k−(6+12s−mV )

for non-positive s with −1/2 < s < min{(m𝑨 − 3)/2, (mV − 3)/2}. Thus, we have the following 
lemma. □
Proof of Theorem 4.2. Combining Lemma 4.6--4.8 and (4.12) completes the proof. □

To end this section, we briefly discuss the possibility of extending the arguments in this 
paper to the two-dimensional case. Since the Green function in the two-dimensional case is 
i 
4H

(1)
0 (k|x − y|), we can not directly use the analysis in Lemma 4.5 and Lemma 4.7. A natural 

idea is to apply the asymptotic expansion of the Hankel function as follows [13, (10.17.13)]:

H
(1)
0 (k|x − y|) =

√︃
1

z
ei(k|x−y|− π

4 )
N∑︂

j=0 
aj (k|x − y|)−j +𝒪((k|x − y|)−N−1)

as k|x −y| → ∞. However, recalling the first order term of the Born series of the farfield pattern 
u∞(x̂, d, k), which consists of the term

1 
8πk2

∫︂
R3

∫︂
R3

eik(d·s−x̂·y)G(y, s)V (y)V (s) ds dy

and other similar terms. Hence the above asymptotic relation can not be applied due to the 
singularity at y = s. So it seems not straightforward to extend arguments in this paper to the 
two-dimensional case. We can still expect to use other measurements to recover the random 
potential in the two-dimensional case. In fact, for the second order randomly perturbed ellip
tic operator, the measurements in a domain far away from the random potential can be used to 
uniquely recover the random potential [9]. It is an interesting problem to extend the arguments 
[9] to the model in this paper.

5. Conclusion

In this paper, we have investigated the direct and inverse scattering problems for the bihar
monic operator, incorporating a stochastic first-order perturbation. Our study encompasses the 
meromorphic continuation of the resolvent for the biharmonic operator, particularly with rough 
potentials. We have successfully derived a logarithmic analytic domain and corresponding re
solvent estimates, which facilitate the derivation of the Born series expansion for the farfield 
pattern. Based upon this expansion, we further investigate the uniqueness of inverse scattering 
problem, i.e., to recover the principal symbol of the covariance. Our findings reveal that the 
micro-correlation strengths of two random potentials can be simultaneously determined through 
a single instance of the farfield pattern, which is averaged over a frequency band almost surely. 
Additionally, we have demonstrated that the uniqueness of the solution can be achieved by mea
suring the farfield pattern within a finite frequency interval. The discussion in this paper is 
applicable to other various wave equations including Helmholtz equation, Navier equation and 
Maxwell equation. However, the decay of resolvent of the second order operator with respect 
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to the frequency is slower than biharmonic operator, which brings more difficulties to guarantee 
the vanishing the remainder terms of the farfield pattern as the frequency goes to infinity. More
over, another interesting future direction is to study the stability of recovering micro-correlation 
strengths from nearfield data.
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