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ABSTRACT

The propagation matrix is a natural and powerful tool for analyzing one-dimensional wave propagation. While it
has been widely applied to study wave phenomena in specific one-dimensional media, a systematic framework
based on this method for characterizing scattering resonances and deriving their asymptotics in general settings
has been lacking. This work fills this gap by developing such a framework for general one-dimensional acoustic
media. Specifically, by combining the propagation matrix with Mobius transformations, we characterize resonant
frequencies as the zeros of an explicit trigonometric polynomial. Leveraging Nevanlinna’s value distribution theory,
we establish the distribution properties of the resonances and demonstrate that their imaginary parts are uniformly
bounded, which contrasts with the three-dimensional case. In two classes of high-contrast regimes, we derive the
asymptotics of both subwavelength and non-subwavelength resonances with respect to the contrast parameter.
Furthermore, by applying the Newton polygon method, we recover the discrete capacitance matrix approximation for
subwavelength Minnaert resonances in both Hermitian and non-Hermitian cases, thereby establishing its connection
to the propagation matrix framework. In this way, we provide a new and self-contained framework, distinct from
variational methods (Feppon et al., SIAM Journal on Applied Mathematics, 83, no. 2 (2023): 625-665), for analyzing
the asymptotics of one-dimensional scattering resonances and facilitating the analysis of high-frequency resonances.
MSC CODES: 341.20, 34E05, 15A18, 11103, 30D35

1 | Introduction

A fundamental principle in wave physics asserts that, for an object or structure to interact strongly with a wave, such
as inducing significant scattering or refraction, its size must be comparable to the wavelength. This principle underpins
phenomena like the Abbe diffraction limit, which defines the resolution limit of optical systems, and guides the design of
radio antennas. A major scientific challenge is, therefore, to enable wave manipulation at scales far smaller than the
wavelength. This has sparked significant interest in the phenomenon of subwavelength resonance, where resonators
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FIGURE 1 | A chain of N resonators, with lengths (¢ ;);<j<y and spacings (s;)i<j<n-_1-

exhibit strong interactions with incident waves whose wavelengths are orders of magnitude larger than the resonator
itself.

A key mechanism for achieving subwavelength resonance is the use of high-contrast media, which consist of structures
formed by embedding bounded inclusions with properties that differ significantly from those of the surrounding medium.
The stark contrast between the inclusions and the background is a critical prerequisite for the emergence of subwavelength
resonance [1, 2]. A classic example of this phenomenon is the Minnaert resonance, observed in air bubbles immersed in
water [3]. Similar subwavelength resonances also appear in other high-contrast systems, including dielectric particles [4],
plasmonic particles [5], and Helmholtz resonators [6]. The excitation of these resonances has enabled a wide range of
innovative wave-based applications, such as superfocusing [7, 8], cloaking [9, 10], and wave guiding [11, 12].

In terms of mathematical analysis, in the high-contrast regime, it has been proven for two- and three-dimensional cases,
using layer potential techniques, that resonances exist in the subwavelength regime, giving rise to the so-called Minnaert
resonance [1, 13]. Furthermore, the leading-order terms in their asymptotics with respect to the contrast have been shown
to be characterized by the eigenvalues of the capacitance matrix [14]. However, the boundary integral equation approach
is not applicable to one-dimensional systems. Recently, Feppon et al. [15] provided a rigorous analysis of subwavelength
resonances in one-dimensional acoustic wave scattering problems, utilizing the variational framework developed in [16].
On the other hand, the propagation matrix approach, which is particularly well-suited for one-dimensional Helmholtz
equations (ODEs), has been widely employed to analyze resonant wave propagation in topological or disordered media.
In [17-19], the propagation matrix method is used to study topological properties of periodic structures and periodic
structures with defects. In [20, 21], the propagation matrix is combined with techniques from dynamical systems theory
to characterize localized modes in certain disordered systems. Nevertheless, a general propagation matrix framework for
scattering resonances and their asymptotics in one-dimensional acoustic media consisting of resonators with arbitrary
lengths, spacings, and material parameters has yet to be developed.

In this work, we investigate the scattering resonances of acoustic waves in one-dimensional media, where the resonators
and the background form a finite chain of segments with arbitrary lengths, interdistances, and material properties (see
Figure 1). We develop a propagation matrix framework for analyzing general scattering resonances and their asymptotics.
In particular, our framework recovers the capacitance matrix approximation in the subwavelength regime [15], thereby
establishing the connection between the two approaches. Compared to the variational method in [15], our propagation
matrix approach enables a more direct analysis of resonance asymptotics and resonant modes; see [22, 23] for its recent
applications to the discrete approximation of and exceptional points in non-subwavelength resonances.

1.1 | Main Results

We consider the one-dimensional acoustic resonance problem (2.4) with the material parameters given by (2.2) and (2.3).
In this work, we fix the wave-speed ratio r and examine the dependence of the resonances on the complex density ratio 6.
Our main contributions are summarized as follows.

First, using Mobius transformations, we derive an equivalent analytical condition (2.17) for the resonant frequencies in
terms of the propagation matrix. In Theorem 2.2, we show that the system exhibits identical resonant frequencies for the
density ratios § and r? /8, and that when § € R, all resonant frequencies are symmetric with respect to the imaginary axis.
In particular, when & > 0, all resonant frequencies lie in the lower half of the complex plane.

Second, using the analytical formulation (2.17), we explicitly compute the analytic function f(k; o), with o = § /r, whose
zeros characterize all the resonant frequencies (Theorem 3.1). Then, we establish the general distribution pattern of
these zeros and characterize the resonance-free region in Theorem 3.3, by applying Nevanlinna value distribution theory.
Moreover, we prove that as § — 0, the zeros of f(-;0), and hence the resonant frequencies, converge to the set E =
U?fl_ Yrz/t j)- The number of zeros near each ky € E is determined by the multiplicity n(kg) of the corresponding
zero of a limiting analytic function f(-;0) (see Theorem 3.5). For the case of simple zeros (n(ky) = 1), we employ the
implicit function theorem to derive the first-order asymptotics of the corresponding resonances as § — 0 and § — o in

Theorem 3.6.
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Third, we further investigate the asymptotic behavior of subwavelength resonances as § — 0 and § — oo in Theorems 4.4
and 5.1 for Hermitian and non-Hermitian systems, respectively. Unlike the expansion in the previous section, where the
implicit function theorem was applicable, the characteristic function f(k; o) in (3.3) possesses a high-order root at zero,
necessitating the use of the Newton polygon method (see Appendix A) from multivariate complex analysis. This enables
us to recover the capacitance matrix theory [15] from a novel complex analytic perspective. Moreover, for subwavelength
resonant modes, we find that as § — 0, the eigenmodes are approximately constant within the resonators and nearly
linear within the spacing layers, with amplitudes governed by the capacitance matrix eigenvectors. Conversely, as § —
o0, the eigenmodes are approximately linear within the resonators and nearly constant within the spacings. Another
interesting finding is that subwavelength resonances persist in one-dimensional systems as § — oo, yet are entirely absent
in three-dimensional structures (Section 4.3).

1.2 | Outlines

The paper is organized as follows. In Section 2, we characterize the resonances in one-dimensional acoustic media using
the propagation matrix method. In Section 3, we establish the general distribution properties of the resonances and derive
the asymptotics for two high-contrast regimes. Then, in Section 4, we present how the capacitance matrix approximation
for subwavelength resonances can be recovered within the propagation matrix framework. Finally, in Section 5, we
generalize the results from Section 4 to nonreciprocal systems.

2 | Preliminaries

This section introduces the scattering resonance problem for acoustic waves in one-dimensional inhomogeneous media.
We employ the propagation matrix method to characterize the resonant frequencies. The main result, Theorem 2.2,
establishes fundamental properties of scattering resonances and unveils a duality between two distinct contrast regimes.

2.1 | Model Setting

We consider a one-dimensional chain of N disjoint, identical resonators D; := (xJT, x;.“), where (xf)ls j<n C Rarethe 2N
boundary points satisfying X; < x;“ <X, forall1 < j < N — 1. Thelength of each resonator is denoted by ¢ ; = xj+ - X5,

- x;r. The configuration of the system is

and the spacing between the jth and (j + 1)th inclusions is given by s; = Xin

illustrated in Figure 1.

We denote the collection of subwavelength resonators by the set

N
. -
D .—jul (xj,xj )

In this work, we study the one-dimensional Helmholtz equation for the acoustic wave propagation in a heterogeneous
medium associated with D:

w? d({ 1 d
@M(X) + a <mal€(?€)> =0, xeR, (21)

where the bulk modulus x(x) and the density p(x) of the medium are assumed to be piecewise constant inside and outside
the resonators:

D D
()= 4 o XED and p(x)=d P *E7 2.2)
x, x€R\D, P, x€R\D.

The wave speeds inside the set D of resonators and in the background R \ D are denoted by v}, and v, respectively, with
the corresponding wavenumbers k;, and k. The contrasts between the densities and wave speeds of the resonators and the
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background medium are denoted by § and r, respectively. Specifically, let

vb:=‘/K—b, U::\/E, kb:=2, k::g, 5:=p—b, ri= 2. (2.3)
Pb P U v P U

Due to their physical significance, the parameters defined in (2.3) are typically treated as positive real numbers. However,
as established in Theorem 3.1, the resonant frequencies of the system are uniquely determined by the parameters § and r,
which can, in general, be complex. In this work, we fix r as a positive constant, allow § € C, and study the dependence of
the resonance w on the complex parameter &.

Using the parameters defined in (2.3), the Helmholtz equation (2.1) can be reformulated as follows:

d? 2 _
mu(x)+k u(x) =0, x € R\ D,
ﬁu(x) +ku(x)=0 x €D
dxz b - ’ ’
<u|+(xf) =u|_(xf), 1<j<N, (2.4)
) () =52 (). 1=sen
dx + J dx F J
d o\, _ _ +
<m—1k>u—0 for x € (—o0, x7) U (X}, +0),

where for a one-dimensional function w, we denote its left and right limits, if they exist, by w|,.(x) := lim,_,o+ w(x + s).
We say that w € C is a resonant frequency (resonance) if the scattering problem (2.4) admits nontrivial solutions u, which
are called resonant modes.

2.2 | Propagation Matrix and Mébius Transformation

For the scattering problem (2.4), the zero frequency, w* = 0, is always a resonant frequency, as any constant function
satisfies the equation. In this work, however, we focus on the nontrivial resonant frequencies (w # 0). To characterize
these nontrivial resonances, we introduce the propagation matrix method in this section.

Let us begin with the following second-order ODE for 0 # k € C:

2

%u(x) +k*u(x) =0, xe(0,a), (2.5)

where the solution can be expressed as u(x) = Ae'** + Be~** with A, B € C uniquely given by

u(0) + ~u'(0) u(0) — 1/ (0)
A= ik = p_ 7 ik 7
2 ’ 2 ’
It follows that
u(a) = Ae'k® + Beika = cos(ka)u(0) + %sin(ka)u’ (0),
W (a) = ikAeka — jkBeke = _k sin(ka)u(0) + cos(ka)u’(0). (2.6)

Define matrices, for z,k € Cand a € R,

L cos(ka) sin(ka) . (1 0
T(k,a) := <—sin(ka) cos(ka))’ M(z) := <0 z>' 2.7)
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The propagation matrix P(k, a) for (2.5) can be defined by (2.6) as follows:

“ON b ay( P, pek,a) 1= MUOTK a)M<l> 28)
u'(a) ’ u'0) )’ T ’ k) '

We now turn to the scattering problem (2.4), and the above formula (2.8) implies

u-(7) u(<7)|
“1-(<50) ()

= P(k,s)) 1<j<N-1, 2.9)

and

() = P(rk, £) () . 1<j<N. 210
w1 (x7) w1 (x7)

Note from the transmission boundary condition in (2.4) that for1 < j <N,

(2.11)

(1)) (-GN (#0)) s [#-65)
I O] o | RS

é
Combining (2.10) and (2.11) gives

u|+<x;“> :M<ﬂ>T(rk,€j)M<i> u|_<xj_) , 1<j=<N, (212)
W), (x7) ° - (x7)

thanks to M(z;)M(z,) = M(z;z,). By the radiation condition in (2.4), there holds

T .
cie | ;X <xp,
u(x) =

ik(x—x+)
N +
(15 ) X > xN’

with ¢1, ¢, € C. We assume both ¢; and ¢, are nonzero; otherwise, u = 0. Consequently, we have, using M(z) in (2.7),

Giyon() Gy-omnl) o

Thus, for a nontrivial resonance w = kv # 0, Equations (2.9), (2.12), and (2.13) imply

c (1) =M(%)T(rk,lN)M<g>T(k,sN_1)---M(%)T(kr,lﬂM(?) <_11> (214)

where ¢ = ¢, /c; # 0. We summarize the above discussion as follows.

Lemma 2.1. w € C\{0} is a resonance for (2.4) if and only if the corresponding wavenumber k = w /v satisfies (2.14) for
some c # 0. In this case, c is uniquely determined by k.

We introduce a vector

t:=(rty, s, rty, Sy, -+, FEn_q, Sy—1, TEN)T € RV (2.15)
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and denote

Using T(rk, a) = T(k, ra) by definition (2.7), Equation (2.14) can be written as

c <1> = M<§>T(k, Ean_ DM@ (K, Eay_s) M(%) T(k, t;)M(3) <_11> , (216)

1

where ¢ j is the jth component of t. Letting e, = (1, ii)T, we have, by (2.7),

T(k,a)e, = e*k%,, M(o)e, = ! ; Uei + ! ; Ge¢.
This enables us to further rewrite (2.16) as: for ¢ # 0,
1 1 1 0
¢ (o) =R( 2 )sn-oR@ L0 R( 3 )R (7). @)
where for z € C,
1+z 1-z )
ko =| 2 2| (S ° (218)
z) 1= -2 1+z] z) i= R .
2 2

The characterization in (2.17) is fundamental to all the main results of this paper. As a first application, we next establish
some general properties of the resonant frequencies, with a more detailed treatment reserved for Sections 3 and 4.

We define the Mobius transformation (see [24, Chapter 3]) associated with a complex matrix A = (a;j)2x2 € C?*? by

apnz+an

, zeCu , 2.19
117 + g {oo} (2.19)

faz) =
and for ® = (¢, ¢,)" € C?, we define M(®) := ¢ /¢, € C U {co}. It is straightforward to verify that
M(AD) = faoM(P), fap=faofs. (2.20)
We then introduce two classes of rational functions by (2.19), based on matrices R(c) and L(t jk),

Q+0)z+(1-0)
1-0)z+0A+0)

fo@) = fre)@) = 8@ = fu@ ="z, 221

Applying M on both sides of (2.17) and using (2.20)—(2.21), we obtain

fo-1982n-19f50 " °g1°fU°M<<(1)>> = M<<(1)>>

fo-1082n-10f50 -+ 0g10f5(0) = 0, (2.22)

that is,

which is equivalent to (2.17). We now conclude this section with the following theorem.

Theorem 2.2. For resonant frequencies w of the problem (2.4), we have
1. If6 € R, all resonances are symmetric with respect to the imaginary axis.

2. If 8 > 0, all nontrivial resonant frequencies have negative imaginary parts.
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2
3. Let 0# 8y € C, then (2.4) with § = 8y and § = ;— has the same resonances w = kv. Moreover, let u(x) and v(x) be
0

2 _i%
the resonant modes associated with a resonance w for § = 6, and § = ;—, respectively, satisfying u(x) = e %, v(x) =
0

.
te v x < x] forsome0 # t € C. Then,

tr

9]
u(x) = —it ko(x), v'(x)=—itku(x), x€R\D, (2.23)

u'(x) = —i%kbv(x), V'(x) = -i=kpu(x), x€D

. . . d d
where, at each endpoint x;—", u’(x) is interpreted as either d—u| or d—u’ .
x - x4+

Remark. Statement (3) asserts that, in one-dimensional space, a system with high-density resonators embedded in a low-
density background shares exactly the same set of resonant frequencies as the system with the density contrast reversed.
However, this property is unique to one dimension and does not generally hold in higher-dimensional spaces. Specifically,
we will demonstrate its failure in the three-dimensional case in Section 4.3.

Proof of Theorem 2.2. For (1), we only need to take the conjugate of both sides of (2.22) which shows (8, —k) also satisfies
(2.22).

For (2), it relies on the fact that |f;(z)| < 1 for |z| < 1, which can be proved by applying the following two properties:
% = oi—:. Moreover, if 3m(k) > 0, noting r > 0, then |g;(z)| < |z| for any
z € C. Therefore, the modulus of the left-hand side of (2.22) must always remain less than 1 and can never approach co.

It follows that Sm(k) < 0.

For the first part of (3), the proof relies on the key observation f(-z) = —f_-1(2). Then, for (3, k) satisfying (2.22), we
have

|z|] < 1if and only if me(j—:) < 0; and

foogan-10f,-10---0giof —1(0)
=fs08Nn-10f,-10 - 0810 — f(0)
=fo08n-10f -10 -+ 0(=g1)of5(0)

== fg—logZN—lofao --0g10f5(0) = co.

2
Thus, (%, k) also satisfies (2.22), completing the proof.

For the second part of (3), we first show the following claim:

Claim: Assume 0 # k € C, and the functions u and v satisfy the Helmholtz equation w'’ + k?w = 0 on the interval [0, a]. If
the boundary conditions u’(0) = iktv(0) and v’ (0) = ikt~'u(0) hold at the endpoint 0 for some ¢t € C, thenforall x € [0, a],
we have u/(x) = iktv(x) and v'(x) = ikt~ 1u(x).

The claim is derived by using the propagation matrix in (2.8). Specifically, we have

u(x) = cos(kx)u(0) + % sin(kx)u’(0) = cos(kx)%v’(O) + %sin(kx)iktv(o)

= %(cos(kx)v’(o) — ksin(kx)v(0)) = %v’(x).

Similarly, using the same approach, we can derive that u’(x) = iktv(x). According to the above claim, to prove the relations
(2.23) between the eigenmodes, it suffices to show that (2.23) holds at every endpoint x;.—“. By the assumption on u(x) and
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v(x), (2.23) is satisfied on (—oco, x]'). Then, using the jump relation, we have

du _ du _ )

ax +(x1 )=26 Ix _(x1 )= —1ﬁkbv(x),

dv| ., _. r?dv| , _ tr

Ix +(x1 )= 3 dx _(xl )= —lgkbu(x),
which implies (2.23) on (xl_ , xIL). Continuing this process for all intervals, we complete the proof. O
3 | Characterization of Resonant Frequencies

In this section, we first reformulate the acoustic resonance problem (2.4) (equivalently, Equation (2.17)) as the study of
zeros of a trigonometric polynomial (Theorem 3.1). Leveraging properties of zeros of trigonometric polynomials, we then
establish a distribution law for the resonances (Theorems 3.3 and 3.5). Finally, we derive the leading-order asymptotic
expansions of the resonances k as § — 0 and § — oo (Theorem 3.6).

3.1 | Distribution Property

Building on the resonance characterization (2.17), we define the transformed total propagation matrix for the problem
(2.4):

M) i= 0 R( L) Lty lOR@ L) - R( L ) 2(t2l0RE@) (1)
0l 0) = M G 2N-1 2N-2 - 1 ) .
N
where the factor (1(1?)21\7 is a technical scaling introduced for the subsequent asymptotic analysis. Then, w is a resonant

frequency if and only if the associated wavenumber k = w /v satisfies
Mior(k;0)12 #0,  Myg(k;0)22 =0. (3.2)

Moreover, note that M;,(k,o) is an invertible matrix for o # 0, due to the invertibility of R and L from definition
(2.18). It follows directly from (3.2) that a resonance w # 0 is characterized solely by the condition M;,(k;0),, = 0. By
directly expanding the matrix multiplication and computing M, we establish the following theorem, which serves as a
foundation for the subsequent discussions.

Theorem 3.1. If 0 # w = kv, then w is a resonant frequency if and only if k is a zero of a analytic function f(k;o) in k
defined as

2

N _ o\ D

fio) = Mo = Y, (DX (129 i@k, (3.3)
’ —L.1N-1 l1+0

ae—1, -

where

1’ J#k’

a=(ag,....aon-1) E{-L 1PN, oy =apy =1, €jk={ )
0, j=k.

Example. (i) When ¢ = 1 (namely, § = r > 0), f(k; o) in (3.3) is given by
fk; 1) = e~illtlhk,

In this case, the scattering problem (2.4) has only the trivial resonance w = 0, as e? # 0 for any z € C.
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(i) When N = 1, there is only one resonator. f(k; o) in (3.3) is given by
2
Fll; o) = emirfik _ (1 - U) oirt 1k,

1+0

It follows that if o = 1, there is only the trivial resonance w™ = 0, and that in the case of o # 1, all resonances are given by

1_
UD,neZ.
1+0

This implies thatasd — 0, or§ - +o0, W, — lr):fﬂ. Hence, only w* and w are subwavelength resonant frequencies. When

v .
w* =0, wn=F<nn+1ln
1

d — r, all nontrivial resonant frequencies tend to oo (since the imaginary parts of all w,, uniformly tend to —co). In other
words, there is no nontrivial resonant frequency w(§) that depends continuously on & over (0, +c0).

To proceed, we first recall some fundamental concepts from the theory of entire functions. Consider the following general
trigonometric polynomial:

P(z) 1= Y a;e’i%, withdy <Ay <<, and 0#a;€C, 1<j<n, (3.4)
which is a canonical example of both almost-periodic functions and entire functions of exponential type [25]. For an almost-

periodic function g, one can define its mean value m(g) and Fourier coefficients a(1), respectively, by

T+a

m(g) := hm 1 gHde, a(d) :=m(gx)e ™¥), 1€R,
o 2T ~-T+a

where the convergence is uniform in @« € R. These coefficients a(4) are nonzero for at most a countable set of A. This set of

A constitutes the spectrum of g, denoted by Ag. We refer the reader to [25] for a detailed discussion. The following lemma,
taken from [25], plays a crucial role in our analysis.

Lemma 3.2. Let g be an entire almost-periodic function of exponential type.

1. All the zeros of g lie in a horizontal strip parallel to the real axis if and only if the spectrum A, satisfies
infAg €Ay and supAg € Ag.

2. Let mgy(x1, x2;y1,Y2) denote the number of zeros of g in the rectangle [xy, x,] X [y1, y2]. If the spectrum A4 is bounded,
then the linear density of zeros in a horizontal strip:

(3.5)

( ) lim ’”g(xl,x2§Y1,J’2)
m , =
8 Y1 Y2 Xp—X1—>+00 Xy — X1

satisfies

d
11m M1, ¥2) = pr

y2—>+oo
where d is the length of the smallest interval containing the spectrum set Ag, or equivalently, sup Ag — inf Ag.

With these concepts in hand, we now return to our main discussion. Example (i) shows that f(-;1) has no zeros, and
thus (2.4) has only a trivial resonant frequency. However, when o # 1, this is not the case. There are countably many
zeros of f(z;0) when o # 1, which satisfy the following distribution property. In Figure 2 below, we present a numerical
simulation to verify the zero density formula (3.6).
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(a) Zeros of f(k;o0) with |Rek| <5. (b) Zeros of f(k;o) with [Rek| < 50.

FIGURE 2 | Zeros of f(k;o) for the configuration ¢ = (0.8,0.9,1,1.1,1.2,1.3,1.4)T and o = 0.8. All zeros are confined to
the strip C;(0) < Smk < C,(0). In the region |Rek| <5 and |Rek| < 50, the argument principle yields 25 zeros and 245
zeros, giving a density of 2.5 and 2.45 zeros per unit length, respectively. These empirical densities align closely with
the theoretical one ||t||; /7 ~ 2.451 established in Theorem 3.3.

Theorem 3.3. For fixed o # 1, there exist constants C1(c), C2(0) € R such that all zeros of f(k; o) satisfy
C1(0) < Smk < Cy(0).

If6 € R,, Theorem 2.2 (2) allows us to set Cy(c) = 0. Moreover, for any x, < X, we define the number of zeros of f(-;0) in
the rectangle [x1, x,] X [C1(0), Cy(0)]:

n(xy, x,) = #{k € C|f0) =0, x; < Rek < x,, C1(0) < Fmk < Cz(o)}.

Then, we have

n(xy, x t
lim M — % (3.6)
Xp—Xx1—=+00 Xy — X1 T
In particular, f(-;0) possesses countably many zeros and consequently the scattering problem (2.4) admits countably many
resonant frequencies.

Proof. When ¢ # 1, the expansion (3.3) implies that at least two terms of f(k; o) are non-zero. Specifically, f(k; o) contains

2
- —1\2 . . .
the terms eItk and —(Z—H) ellltlik corresponding to the choices @ = 1 and & = —1, respectively. Furthermore, for any

a € {-1,1*N~! with & # +1, we have
—Itlly < {a, t) < [It]l;.

Thus we can rewrite f in the form of (3.4) with 41 = —||t||; and 1,, = ||¢||;. The Fourier coefficients of f can be computed
as follows:

0, otherwise.

T+a ) . X
e1(/1j—/1)tdt= aj, /1—/1] for some j,
T+a

n
1 .
=37 4 Jm [

It follows that the spectrum of f is given by Ay = {41, 45,...,4,,}.

By Lemma 3.2(1), there exist constants C;(c) < C,(0) such that all zeros of f lie within the strip C;(0) < Smk < C,(0).
Let m¢(yy, ;) be defined as in (3.5). Then, we have ms(yy,y2) = m¢(C1(0), C2(0)) for all y; < C1(0) and y, > Cy(0).
Applying Lemma 3.2(2), we obtain

. An =21 ltlh
mf(cl(a)’ Ca(0)) = ylhjiloo mf()"l’y'z) =57 T a1
yp—=>+o0
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Consequently, we have (3.6) by

. n(xy, x,) . my(x1, X35 C1(0), C2(0))
lim _ = lim

Xp—X1—+too Xp — X1 Xp—X]—~+oo X2 — X1

= er(Cl(U), C3(0)). O

Remark. Theorem 3.3 reveals a fundamental distinction between the one-dimensional and three-dimensional problems.
In three dimensions, the bounds on the imaginary part of the resonant frequencies generally depend on its real part
and no single (uniform) line can bound all resonances from below; see [26] for the resonance-free region. In the one-
dimensional case, however, we prove the existence of such a uniform lower line for all the resonant frequencies. This
result also identifies a so-called resonance-free region, which is of great theoretical interest [27, 28].

3.2 | Limiting Casesofd - 0and?d — o

We will characterize the limiting distribution of resonant frequencies of (2.4) when § - 0 and § — 0.

From definition (2.18), we first obtain

2 11 20 (1 1 -1
lim ——R(o) =Ry = li R{=|=R_:= . 3.7
im T R@ = Re (1 1>’ o0 1+0 (a> (—1 1> (37

Thus, as 0 — 0, the matrix M,y (k; o) in (3.1) uniformly converges to

M[O[(k; 0) . =R_L(t2N_1k)R+L(t2N_2k)R_ e R_L(tlk)R+

2N-1

1 1
—(7i2N-1 AN
=(2i) H sin(¢ k) (_1 _1> ,
Jj=1
on any compact set K C C. We then have the following lemma.

Lemma 3.4. When o = 0, the analytic function f(k;0) in (3.3) becomes

2N-1
fU;0) = —)>N=1 T sin(;k).
j=1

J

Then, k € Cisazeroof f(:,0)ifandonlyifk € E := U?lz\ll_l(nZ/tj). When k € E, k is a zero of order
n(e) :=#{j|kerz,1<j<aN -1},
In particular, all zeros of f(-;0) are real and 0 is a zero of order 2N — 1.

Since f(k; o) uniformly converges to f(k;0) on any compact set as o — 0, the Rouché’s Theorem implies that there are
exactly n(k) zeros of f(-;0) in a small neighborhood of k for every k € E when |o| is small enough. This shows that (2.4)
has exactly n(k) nontrivial resonant frequencies near kv for every k € E when § — 0. Moreover, by the Newton polygon
method as in the next section, we can deduce that w(8) is an analytic function of §° for certain rational s satisfying s > ﬁ
According to Theorem 2.2, similar conclusions hold as § — co. We summarize our discussion as follows. Figure 3 provides
a numerical illustration of Theorem 3.5.

Theorem 3.5. For § small enough (or large enough), there exist exactly n(k*) (counting multiplicities) nontrivial resonant

frequencies w = kv near k*v, wherek* € Uii’l_ lrz Jt j» With C1(0) < Smk < Cy(0o) for C1(o), Cy(0) given asin Theorem 3.3.

In particular, near each k*v, the resonance w(68) is an analytic function of 85 (or 875, respectively) for certain rational s >
1

n(k*)’
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Distribution of Zeros of f(k;o)

=y 0.0 kot bt ool * bt e B
\5-041— + keBE(1<j<6)7
= 021 * zeros of f(k;o) 7]
'03 C 1 1 1 1 1 1 1
-0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 35
Re(k)

(a) Zeros of f(k;o) with —0.5 < Rek < 3.5, under the configuration N =3,5 =0.01, r =1, ¢; = 1.5, £, = 4,
03 =1, s =2, and s, = 4. There are six points in E satisfying —0.5 < k< 3.5, i.e.,, k1 = 0,k = n/4 =

0.7854, k3 =m/2 = 1.5708, k4 = 27/3 = 2.0944, ks = 37/4 = 2.3562, kg = 7 = 3.1416.

1 = 00000

00250

ke =0.7854

0030,

00500 s .
—Re()=0 —Re(f)=0 —Re(f)=0
Q400 —Im(f)=0 Soang —Im(f)=0 —TIm(f)=0
00300 % zeros near k; 00150 + zeros near ky Ll S zeros near ks
+ k1 position + k» position + ks position
00200 00100
T 00100 7
00100 00050 [
- - - [
% 00000 £ ooon < 00000
E ] |
0100 00050 \ / \
0010
00200 00100
00300 0.0150 \
\ 00200)
00400 00200 \
\
7-0.1000-0.0800-0.0600-0.0400-0.0200 0.0000 0.0200 0.0400 0.0600 0.0800 0.1000 70,7400 07500 0.7600 0.7700 0.7800 0.7900 0.8000 0.8100 0.8200 0.8300 15200 1.5400 1.5600 1.5800 1.6000 1.6200
Re(k) Re(k) Re(k)
zeros near ky = 2.0944 zeros near k; = 2.3562 zeros near kg = 3.1416
00250 00250 00500,
\ —Re(/)=0 \ —Re(/)=0 —Re(f)=0
000 | —Im(f)=0 o000 —Im(f)=0 o0 Tm(f)=0
00150 \ H zeros near ky 00150 % zeros near kj 00300 S zeros near kg
+ ki position + ks position + kg position
00100 00100 00200
|
00050 00050 00100)
= 00000 + = 00000 = 00000
00050 00050 00100,
00100 00100 00200
00150 | 00150 00300
23 L 2
20500 2.0600 20700 20800 20900 2.1000 2.1100 2.1200 2.1300 2.1300 23100 2.3200 2300 23400 2.3500 2.3600 2.3700 23500 23900 2.4000 30600 3.0800 3.1000 3.1200 31400 3.1600 3.1800 3.2000 32200 32400
Re(k) Re(k) Re(k)
(e) n(ks) =1 () n(ks) =2 (g) n(ks) =4

FIGURE 3 | Zeros of f(k;o) with sufficiently small §. Panels (b)-(g): Zoom-in views near k;-k¢ with different orders
n(k;). We see that exactly n(k) zeros are located near each k € E, where the set E is given in Lemma 3.4.

3.3 | Asymptotic Expansions of Resonances

We next analyze the asymptotic behaviors of resonances as § — 0 and § — oo. For simplicity, we focus on the case where
n(k) = 1. Notably, this already covers the case in the concurrent work [26], where asymptotic expansions of resonances
are derived for a single resonator in three dimensions. Compared to their results, our asymptotic formulas for the one-
dimensional case are more explicit. For cases where n(kq) > 1, asymptotic analysis can in principle be carried out using
the Newton polygon method, as presented in the next section for subwavelength resonances. However, such computations
are operationally cumbersome and will be reported in a forthcoming work.

For notational simplicity, we will sometimes use L;(k) to denote L(¢;k). Let

V= 12_:—0, R:=<j 1) S = <(1) _01> (3.8)
For the components (li—z)zR (é) L(k)R(o) in M,,,(k; o), we observe that
ui—oo)ZPR (%)L(k)R(J)P = R+ VS)LK)R +vS), withP = <_1 1> .
Therefore, it holds that
PMyor(k; 0)P = G(k;v),  f(k;0) = g(k;v),
where G(k;v) and g(k;v) are defined by
G(k;v) := R+ vS)Lyy_1(K)R + vS)Lyny_o(K)(R +vS) --- L1(k)(R + vS), (3.9
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g(k;v) :=G(k, ). (3.10)

For the case when § — 0, from (3.9), we can expand G(k;v) and g(k;v) as

G(k;v) := Gy(k) + G1(k)v + Go(k)v? + - + Gon ()N,

(3.11)
glk;v) 1= go(k) + g1 (kv + ga(k)w? + - + gon (k)v2N.
Using the following easily verifiable identities, with R, R, and S defined in (3.7) and (3.8),
RLj(k)R = =2isin(tjk)R, RLj1(k)SLj(k)R = 2cos((tj41 — tj)K)R,
(3.12)
SLon-1(K)R = Loy _1(=k)R_, RL1(k)S = Ry L1(-k),
we can explicitly compute G; (k) in the expansion (3.11) as
2N-2 2N-1
Gy (k) =(2))*N=2 [T sin(t;l)L(~tan-1 k)R- + @iN=2 ] sin(t;k)R,L(~t1k)
j=1 j=2
2N-2 2N-1
—2Qi2N3 Y cos((tj1 —tpk) [ sin(tkR. (3.13)
Jj=1 s=1
s#j,j+1

We are now in a position to derive the asymptotic expansions of the resonant frequencies for wavenumbers k, satisfying
n(ky) = 1. Figure 4 provides a numerical illustration of Theorem 3.6.

Theorem 3.6. Assume n(ky) = 1. When 6 — 0 (or § — o), the scattering problem (2.4) has a unique resonance w(8) in a
neighborhood of kyv, which is an analytic function of 8 (or §~1, respectively) with the first-order asymptotics:

[(cot(si ko) — i
cotlsiko) =1, 5 1 o(s), 7 | reyk,
szl
t(sy_1ko) — i
CO(SNZ—;O)lué +0(82), 7 | renko,
rtnN
@(6) = kov + 9 cot(sj_1kg) + cot(s ko) (.14)
> V8 + 0(52), m|rtjky, 1< j <N,
r La]
cot(rt ikgy) + cot(rt i1 1kg)
/70 — S0 06+ 0%, 7 siko, 1<j<N-1,
J
asd = 0,andas d — oo,
[ cot(s ko) — i
cot(siko) —iv +0(572), 7| ré ko,
6 5
t(sy_1ko) — i
Mg +0(572), 7 | renko,
N
@(8) = koL +1 cot(s; ko) + cot(s ko)
0 2240672,  mlrtike, 1<j<N,
7, 5
cot(rt ikg) + cot(rt i11kg)
70 SO+ 0072, 7k 1Sj<N-1.
Sj o)
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b/ b/
(C) k3 = 07 ~ 4.4880 (d) k4 = 11 ~ 2.9560

FIGURE 4 | Asymptotic behavior of w(8) for sufficiently small 6 is analyzed near w; = k;jv with n(k;) =1 for 1 < j < 4,
under the configuration N =3,r =1,v=1,¢, =0.7,¢, = 0.3, €3 = 0.5, s; = 0.2, and s, = 1.1. Panels (a)-(d) correspond to the
first through fourth cases in (3.14), respectively.

Proof. We will focus on proving the case § — 0; the case § — oo then follows straightforwardly from Theorem 2.2.

. 2 2 . . ) . . .
Moreover, noting that v = 1+_Ua = 1f5/ /rr and the relation w = kv, it suffices to derive the expansion of k(v) in terms of

V.

According to Lemma 3.4, we have

2N-1

g(k; 0) = —(2i)*N-1 H sin(t k).
j=1

n(ko) = 1 implies that there existsan n € Z and 1 < j < 2N — 1 such that ¢ jkg = nz, while 7 } 5k for any s # j. Thus,
we derive

2N-1
g(ko;0) =0, g—i(ko;o) = (=11 @)1 [T sinGsko) # 0.

s=1

s#]

By the implicit function theorem, there exists a unique function k(v) defined in a neighborhood of v = 0, which is analytic
in v and satisfies g(k(v);v) = 0 and k(0) = k. Moreover, since

0
g(k; 0) = g1 (k) = Gy (k)p2,

the expansion (3.13) gives
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-

2N-1
e_IIZkO H Sin(tsko), j=1
s=3
2N-1
g_f(ko;o) — (_1)n+12(21)2N—3 . sin((tj_l + tj+1)k0) H sin(t5kg), 1< j<2N -1,
s=1
Is—jl>1
2N-3
e7ian-2k0 TT sin(tsko), j=2N-1
s=1
It follows that
VCOt(tzko) —i .
Y ] = 1’
5 2
3, ko30) | cot(t;_1kg) + cot(t 14 1ko)
k’(o)=_g”—=< j170 JHO, 1<j<2N -1,
% (ko3 0) 2
COt(tZN—2kO) —1i .
—_— J=2N-1
2tHN-1

Substituting this into the expansion k(v) = ko + k’(0)v + o0(v?), along with the definition of the vector ¢ in (2.15), completes
the proof. O

4 | Subwavelength Resonances and Capacitance Matrix Theory

In this section, we study the resonant frequencies in the subwavelength regime; see Definition 4.1. Specifically, we recover
the capacitance matrix theory in [15] for subwavelength resonances using the propagation matrix approach, revealing the
relationships between the two frameworks. Our new method is conceptually distinct from the variational approach in [15,
16], which is based on Dirichlet-to-Neumann maps, and is more natural for the one-dimensional problem.

Definition 4.1. We call w(8) € C a subwavelength resonant frequency if w(8) depends continuously on § € C for
sufficiently small (or large) & and satisfies w(d) - 0asd — 0(or § — ).

4.1 | Subwavelength Eigenfrequencies

In this section, we analyze the asymptotic behavior of the subwavelength resonant frequencies. Unlike the expansion in
the previous section, the implicit function theorem is no longer applicable here because zero is a high-order root of the
characteristic function f(k; o) in (3.3) (or equivalently, g(k; v) in (3.11)). Instead, we employ the Newton polygon method
from multivariate complex analysis to obtain the asymptotic expansion (see Appendix A).

Let

1
6=
Liljs1

, j=0,1,...,2N -1, 4.1

with ty = t,ny = 1. We first introduce the expansion of g;(k) in (3.11) in Proposition 4.2 below, whose proof is deferred to
Appendix B for ease of exposition.

Proposition 4.2. When k — 0, for1 <1 < N — 1, we have

ﬁ ejm)

1§j1<j2<~~~<jl§2N—2 (m:l

2N-1
gi(k) = ( I tj> 2l(~2ik)2N-1-2

Jj=1
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l
+ 602!~ (=2ik)2N 2! D < IIe jm)

2<j1=jp<-<jl_1<2N-2 \m=1

l
+0oy- 1251 (=2ik)2N 2 > ( IT¢ jm> +O(kAN=2H) | (4.2)

1<j1<j2<"<jj—1<2N-3 \m=1

with i < j meaning j —i > 1, and forl = O, N,

2N-1
gok) = ( H 1.‘j>(—2ki)2N_1 +O0(k*N*tY),  gn(k) = 2N + 0(k).
j=1

Leveraging these asymptotic expansions, we can recover the capacitance matrix theory in [15] from the propagation matrix

method. Recall from [15] that the generalized capacitance matrix is defined as: with 0; = = in (4.1),
jtj+1
61 -6
—62 62 + 93 —63
-6 0, +06 -0
C:= o ' : (4.3)
—ON-4 GN-4+ON-3 —Oan-3
—6n-—2 Oon-2
We now introduce several auxiliary lemmas.
Lemma 4.3. For the generalized capacitance matrix C, we have
1 It has N different eigenvalues 0 = 11 < 1, < --- < Ay.
2. Let Py be the determinant of C — AI, and in\, the (i, i)-cofactor fori = 1, N. Then
N-1 l
PN(1,61,6;,...00v_2) = |C= Il = X (DN 3 T[] 6 (4.4)
=0 1<j1<jp< m=1
<j]<2N-2
N -1
Qy(4,62,6s,...00y ) =[C— N = XDV Y ] im
=1 2<j1<jz< m=1
<o S2N-2
N -1
QN@,61,6,...00y-3) = [C=Allyy = YOV X ] 8
I=1 1<j1<jp<  m=1
<jl—1<2N-3

3. Suppose that A # 0 is an eigenvalue of C, and a = (ay, ay, ...,ayn) ', b = (b, by, ..., by) are the corresponding right and
left eigenvectors. Then

aibi _ Q;\](/l)
N ab. PR
Zj:l ajbj N

Proof. The property (1) follows from the fact that C is a tridiagonal matrix with nonzero off-diagonal elements; see [29,
Lemma 7.7.1].
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For property (2), we prove it by mathematical induction. First, P1(4,6;) = —4 + 6;. Then by adding the last column of
C — I to its second-to-last column and expanding along the last column, we obtain the following recurrence formula:

PN(2;61,63,...008-2) = (Ban—2 — DPN-1(4;61,0,,...60n_4)

+0n—3PN-1(4;61,0,...6N_5,0).

Using mathematical induction, we derive the expansion (4.4) of Py(4; 61, ..., 6,n_5)- Similarly, the expansions of Q}V and
Q% can also be obtained.

For property (3), since A is a simple eigenvalue of C, the matrix C — AI hasrank N — 1. Then, the adjugate matrix of C — AI
is a rank-1 matrix, and there exists a 0 # 8 € C such that adj(C — AI) = Bab. Thus, we have

N

Q;V(/l) = [C —/11]1'1' = 6al~bl~, i=1,N, PJIV(/I) = tr(adj(C - /II)) = ﬁ Z ajbj
Jj=1

Combining these equations completes the proof. |

Remark. Note that we can express the generalized capacitance matrix in (4.3) as C = V~1C, where C is a symmetric matrix
given by

1 1
H n
1 1 1 1
ot L
1 1 1 1
T e |
1 1 1 1
Chn-4 bn-s Dn-2 D2
1 1
PN [ON-2
and V := diag(ty,t3,...,tpny_1). This decomposition implies a direct relation between the right and left eigenvectors.

Specifically, if a = (a4, ay, ..., aN)T and b = (by, by, ..., by) are the right and left eigenvectors of C associated with the
same eigenvalue, respectively, then there holds

b' =Va, equivalently, b; =t;j_1aj, forj=12,...,N.

We now present the asymptotic expansions of the scattering resonance w(§) in the subwavelength regime. In what follows,

\/Eis defined on C \ [0, +o0) with the branch Sm\/E > 0.Forz € [0, +o0), we define \/E i=1lim,_,o, Vz + ¢i. Weremark
that the following result can be generalized to the case where the v,’s differ across the D;’s.

Theorem 4.4. Let § € C. In the cases where § — 0 (or § — o), the scattering problem (2.4) exhibits exactly 2N
subwavelength resonant frequencies:
* A trivial frequency o* = 0.
* The first nontrivial eigenfrequency w,(8) is an analytic function of § (or §~1), with its leading asymptotic expansion given
by

©1(8) = ~2i6———— +0(6%), &0,

2 .
DI t;

or @ (8)=—2ir—" 4062, - co.
5YN
j=10j
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1 2N-1 degree of k

FIGURE 5 | The lower boundary of the convex hull.

1 1
* The remaining 2N — 2 frequencies are analytic functions of 52 (or § 2 ), and their leading-order asymptotic expansion is

given by

2 4 42 3

1.8 a; +a; 3
() = 201/ 22 —ig L L IN_ | 0(62), 6§ >0, 2<i<N,
i r 2,-22N a2€~
Jj=1"ij"J
2 2
Ar 1v G+ a; _3
or w;(0)==x0\/——-izc—— + , 0 = 00, <i<N,
(5 ! LN L0 2),6 2<i<N
t e) 5221\] a2€‘
Jj=1"ij J

where 0 =1, <, < --- < Ay are eigenvalues of the matrix C (4.3) and a; = (aj1, iz, ...a;N)" is the associated
eigenvectors.

Proof. Similar to the proof of Theorem 3.6, it suffices to consider the case § — 0 and derive the asymptotics of the
26/r

1+6/r"

First, we apply the Newton polygon method reviewed in Appendix A to determine the leading-order asymptotics of k(v).
Specifically, by (3.11), we expand g(k;v) around k = 0 as

wavenumber k(v) in terms of v =

2N 2N o
gy =Y glovt=Y N cuklvl
I=1 l

=1 j=2N—-1-2I

Here, cj; can be determined by g;(k) in Proposition 4.2. The associated Newton polygon can be plotted in the R? plane,
where the lower boundary of the convex hull comprises two connected piecewise linear segments, l; and I,, with slopes

—1and —%, respectively, as shown in Figure 5.

The sets of points on the edges [; and I, are defined as follows:

Ey :=1,n7Z%?={(0,N),(1,N — 1)},

Ey, :=LnzZ?>={1,N-1),(3,N -2),(5,N —3),...,(2N —1,0)}.

For the first edge I}, by (A.2), the asymptotic form is k ~ cv with ¢ # 0, and the balance equation is

Z cﬂcj =0,

(.DeEy
where, using (4.2), we have
N

_ N — _HN:
CoN =27, C1N-1=—2 IZth—l-
=1
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Recall that [; = t;;_; for j =1,...,N. Solving the balance equation gives cl= 12?]:1 tj-1, leading to the asymptotic

form of the zero:

v
N I

Z j=1 5] Jj—1

kl(V) ~—i v — 0.

Similarly, for the second edge [,, the asymptotic form is k ~ c\/; with ¢ # 0, and the balance equation is given by

Y il =o, (4.5)

(J.DeE;
where, according to (4.2),

2N-1

!
CN-D-1,1 = 2l(—2i)2N-D-1 H Lj Z H i, O0<I<N-1L
Jj=1 1<j1<ja< m=1

<jj<2N-1

Using the characteristic polynomial Py(z) from Lemma 4.3, we have

2N-1
S Pn(2c?)
0= 2 lecj =ioN 1< H tj)T
(

J.DEE J=1

It follows that the solutions to Equation (4.5) can be characterized by the nonzero eigenvalues 1;,2 < j < N, of C:

Consequently, the other 2N — 2 zeros have the asymptotic form

1
kii(V)Nin/liy, »y—->0, 2<i<N.

Next, we compute the second-order correction terms. Define

1 _N+l l 1
hl.i(oc;VZ)::v 2gl v2 [ = z/li+oc ,v), 2<i<N,

with g defined in (3.10). A direct computation gives

. LN 2N-21 N-1 2N-21-2
2 = /1 /1 ;
h;_'_((x; VZ) =vp2 z CZN—Zl,l<i Eﬂl> +a Z (2N -2l - 1)6’2]\]_21_1’[(1 E/‘Ll> + Z djl‘l)JC(l
=1 =0 jlez
2j+1>2
2N-1 1 .
= ( II¢ j> [szN—l (60QN (A1) +62n-1QN (4)) —oci2N+1PN(/1i)] + ) d;—“lvfocl. (4.6)
j=1 jlez
2j+1>2
1 1
Notice that h;—’(a; v2)is analytic in a and v2, with hl.i(O; 0) = 0, and satisfies
3 2N-1
%hli(o, 0) = —2N+1i< H tj>Pj/\](/11)’
j=1
3 2N-1
—h(0;0) = 2N_1< H l‘j> (60Qp (4 + 62n—1QN(4)).
v2 J=1
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Since the eigenvalue A; has multiplicity one for C, it follows that PI’V(AI-) # 0. By the implicit function theorem, there exists
1
a unique analytic function ozl.i (v2) such that

11
hf(al.i(ﬂ);vf> =0, 2<i<N,

with a;—'(O) = 0, for v sufficiently close to zero. Moreover, using the implicit function theorem method for the expansion
(4.6), and combining Lemma 4.3, we have

1 1: a2 +4d2
— =1 .
af—'(v2)=—v2—M+O(v), 2<i<n.
l YTl

ii2j—1

J=1"71j
! - 1 1
Thus, kl.i(v) =v2 <i\ / 5/11‘ + oclf—*(VZ)) , 2<1i <N, are the 2N — 2 zeros of g(k;v), which are analytic functions of v2.

Their leading-order asymptotic expansions are given by

2 2

1y a; +a; 3
kW) = £\ i iN L o@w3), i=23,...,N.

4N 2.
X a;itzj-1

Finally, for k1 (v), define

hy(a,v) =vNglv|i +alv|]

N
Zj=1 lhj-1

We find that h,(0,0) = 0 and %hl(o, 0) = ¢; y—1 # 0. By the implicit function theorem, it follows that k; (v) is an analytic
function of v. O

4.2 | Eigenmodes of the Scattering Problem

In this subsection, we characterize the eigenmodes of (2.4) corresponding to the 2N — 1 nontrivial subwavelength resonant
frequencies. The following Theorem 4.5 treats the case § — 0; the result for § — oo follows from Theorem 2.2 (see
Corollary 4.6).

Theorem 4.5. Suppose that w(8) = k(8)v = 0(8'/2) is a subwavelength resonant frequency for the scattering problem (2.4)
w

in case & = 0 and analytic about 8/, u(x) is the corresponding nontrivial solution with u(x) = e " Jor x < x, then

aj +0(5'/?%) x€( X)) j=12...N,
u(x) =
aj+bj(x—x)+0("?) xe(f,x;,) j=012...N,
4.7)
0(98) x e (xj_,x;“), j=1,2,...N,
w(x) = 1/2 +
bj+0(8'?) xe(xf,x;,)  j=012...N,
Qiii—as
wherea = (a1, ay, ...,ay) | is the corresponding eigenvector of the capacitance matrix C and b; = %,] =12,...,N—
J
1. Here, xar i=-Mand xy_, 1= M foralarge enough M.
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Proof. The proof proceeds in two steps. In Step 1, we derive the expressions for u(x) and u/(x) in (4.7) by mathematical
induction. In Step 2, we determine the constants a j and b -

N
Step 1. For j = 0, on interval (xo, Dhu(x)=e 70 =14 0(81/2), u! (x) = 0(81/2), 50 (4.7) holds for the case when j = 0.

Now, suppose that for x € (x X )

u(x)=aj+bj(x - x;) +0(81/2),
u'(x) = b; +0(8Y/2).

It follows that

u(xj_ﬂ) =a;+b -(xT ~xf)+ 0(8'/%) 1= aj4y +0(8Y/2),

ol 05 (7)) =008,

Furthermore, from the propagation matrix, we have

u(x) = cos (kr(x - xJ ))u|+(xj+1) + — ! s1n (kr(x - x;+1>>u’|+(x;+1)
=1+ 00)ul(xj, )+ (e = x7, ) + o)’ EN
=aj,1 +0(5Y/?),

u'(x) = —krsin (kr(x - x]._+1))u|+(x;+1) + cos (kr (x ~ X ) )u’|+(xjf+1)

= 0(8)ul, (x7, ) + (1 + 0@ | (x7,

Jj+1 Jj+1

=0(9)

for x € (x7 ). At the end point x; 1, the jump relation gives

Jj+1’ ]+1

u|+(x L) =aj11+0(0 1/2),

1 du

SlLano=3% O(1) = by +0(8'/2).

() =

Then, for x € (xT +2), it holds that

J+

u(x) = cos <k<x - x;r+1>>u|+(x]+1) + —sin <k<x x}+1>>u |+(xj+1

= (1+08)ul (x], )+ [(x = x7, ) + OO’ (x]

Jj+1 j+1 j+1

= aj +bj(x — x7,;) +0(8'/2),
and

u'(x) = —krsin (kr(x - x;“+1))u|+(x;r+1) + cos (kr(x - x;'+1>>u |+(xj+1

= 0(®)ul(x], ) + A+ 0@ |+ (x],,

=bjy +0(6'/?).

This proves (4.7) by mathematical induction.
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Step 2. Using the propagation matrix, we have
— [ _
(u(xjH) ) _ < cos(ks;) % sin(ksj)) cos(krl;) P sin(krl;) (u(xj ) )
w'(x7,) —ksin(ks;) cos(ks)) —% sin(krl;)  cos(krl;) | \¥(x})

1—rlisid s; u(x?;)
PR v | ), j=n2. L N-1,
—rlijA 1 wi(x;)

where u/(x) is understand as Z—Z| . By the formula (4.7), we also have

u(x?;) aj u(xy) a
! =laj—aj 1/2 j = 1 = 1/2.
<u,(x;)> Js. -1 |+0(6%), j=2,...,N, <u,(x1_)> ( o > +0(51/?)

j—1

Combining the two relations, we can obtain that

jy1 Aj _( L
Vlij rlij_l Vlij_l rlij

1 1
rlis = ("llsl —/1>a1.

If we imagine adding an interval of length sy after the last resonator, we can use the propagation matrix to obtain

<aN> 1—rleN/1 SN an
0/)7\ —rpya 1 )|HENELY

—/1>aj, j=23,...,N-1,

SN-1
This yields
1 1
—ay_1=|——-12 .
sy ! (rlNSN—l )aN
Combining these equations, we obtain (C — AI)a = 0, which completes the proof. O

In the case § — o0, a similar characterization follows from Theorem 2.2.

Corollary 4.6. Under the assumption of Theorem 4.5, we choose t = 55/ % in Theorem 2.2(3), such that for x < x, v(x) =

53/2u(x) is the corresponding eigenmode for § = r? /8. Then, as 8, — 0 (namely, § — ), we have

cj+0(671/?) x€W( X)) jEL2.L, N+,
v(x) = (4.8)
cj+aj(x—x;r)+0(5_1/2) xe(x;,x;'), j=12,...,N.
Here, a = (a;,ay,...,ay) ' is the corresponding eigenvector of the capacitance matrix C, and ¢; = 0, ci=cj1+aj1tj
forj=2,...,N.
4.3 | Comparison With the Three-Dimensional Case as § — o

In this subsection, we present a concise comparison between the subwavelength resonant frequencies in the one- and
three-dimensional settings. To this end, we consider a three-dimensional analog of the scattering problem (2.4); see [30].
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In the three-dimensional case, assuming that k2 is not a Dirichlet eigenvalue of —A on D, the scattering problem admits
a resonant frequency if and only if the operator A(k, §) is not injective. Here, A(k, ) : L>(dD) x L>(dD) — H'(dD) x
L?(8D) is defined by

k Kk

Ak, 5) % b

’ —T+ —5(1I+1C'l‘)’*> ’
2 2

where S} is the single layer potential and ]C]C;’* represents the Neumann-Poincaré operator. Introducing the parameter
7 =671, we observe that A(k, 8) is injective if and only if .Z(k, 7) is injective, where

k k
Szr) —Sp
1 rk, 1 kax\ "
(o) (o)
Consequently, the subwavelength resonance problem in the limit § — oo reduces to finding w(z) such that w(r) — 0 as

7 — 0and A(k, ) is not injective. It is straightforward to verify that A(k, 7) is continuous in the norm topology. Examining
the operator .4(0, 0), we find that

Ak, 7) =

0 0
SD _SD

ACO= o (e

is invertible, which follows from the invertibility of Sg : L?(dD) — H'(dD) and the fact that the spectrum of IC%* is
contained in (—1/2, 1/2]; see again [30]. Since the set of invertible operators forms an open subset in the space of bounded
operators equipped with the norm topology, A(k, 7) remains invertible in a neighborhood of (k, 7) = (0,0). This implies
that the three-dimensional scattering problem possesses no subwavelength resonant frequencies in the limit § — oo. This
behavior stands in stark contrast to the one-dimensional case, where Theorem 4.4 establishes the existence of exactly 2N
subwavelength resonant frequencies as § — oo.

5 | Nonreciprocal System

In this section, we generalize the propagation matrix method to wave propagation in systems of non-Hermitian high-
contrast resonators. We consider the same chain of resonators as in Section 2.1. By introducing an imaginary gauge
potential y (see [31, 32]), the governing equation for wave propagation becomes a generalized Sturm-Liouville equation:
forx e R,

w2

d d 1 d
<) u(x) — y(x)au(x) - — <——u(x)> =0, (5.1)

dx \ p(x)dx

with y(x) = y; for x € D;, and O for x € R \ D. The other parameters are the same as in (2.2) and (2.3). In this setting, the
wave problem (5.1) can be rewritten as the following system of coupled one-dimensional equations:

-

ﬁu(x) + yiu(x) + ﬁu(x) =0, x€D
dx2 dx Ug ’ v
d2 w?
mu(x) + U—zu(x) =0, x € R\ D,
11l (6 = ul (x5, forall1 <i <N, (5.2)
du F du ¥ .
—| (xH)=6—| (x), foralll1 <i <N,
dx + L dx T L
du N _ _ _ +
A (x) 1Uu(x) =0, x € (=00, x7) U (xy;, ).
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5.1 | Propagation Matrix

We now formulate the propagation matrix for the system (5.2). Consider the second-order ODE:

2

%u(x) + y:—xu(x) +k*u(x) =0, xe(0,a), (5.3)

which can be reformulated as the first-order ODE system U’(x) = AU(x), where
0 1 u(x)

A= 2 , Ux) = , .
—k* -y u'(x)

U(x) = eX4U(0). (5.4)

Its solution is given by, for x € [0, a],

The matrix A has two eigenvalues given by

_r=VA . —y+vVA
2

,  Where A = y% — 4k2.

A 0 . 1 1
A=P P~, P= .
0 A AA
Therefore, we have the propagation matrix from x =0 to x = a:
e/lla O 1 /‘lze/lla _ Ale/lza e/lza _ e/lla
e =p pl=
0 e/12a /12 - /11 _Al/‘lz(eﬂ2a _ e/lla) /‘tze/lza _ /116/11‘1

_ra 1
=e 2 M(k)T(k;y, a)M<E>’

It can be diagonalized as

where M(-) is given as in (2.7), and T(-) is defined by

ey i %Sinh <@> + cosh (@) \z/—kzsinh <@>
e —j—%sinh(@) —%sinh(@) +cosh<@> .
ya

Here, the factor e 2 describes the attenuation of the wave during its propagation (see [33]). Furthermore, similar to the
derivation of (2.14), we find that w is a nontrivial resonant frequency of (5.2) if and only if k = w/v satisfies

Mo 5 J
<1tt> = Jl:[le 2 M(%)T(rk; yN,fN)M(7>T(k;0, SN—I)M<§> T("k;yl,fﬂM(;) <_Sis> (5.5)

for some s,t # 0. Note T'(kr;y,1) = %T(k; % rl), and let

_ o)
t=0t,51,rC>,...,SnN_1,1C R2N 1, = y—l,O,y—z,...,O,m, o= -.
(rt1,s1,rt, N-1,7CN) € R B=( . =) "
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Then, equation (5.5) reduces to finding all k € C satisfying

t <}> = M<%>T(k;,321v—1, ton—1)M ()T (k; Bon—2s t2N—2)M<§>

1 1
"M<E>T(k§ﬁ1,t1)M(U) <—i> .
Lete, =(1, )T and e_ = (1, —i)T. We observe that

T(k;Bi,t)es = iz—kisinh \/Kiti + cosh \/Eti ++—smh \/_t ex;
VA2 2 VA

1+0 1-0
Tei+Te¢.

(5.6)

M(o)e, =

Therefore, under the basis {e,, e_}, (5.6) can be rewritten as

t(é) =R<%)LzN—l(k)R(U)LzN—z(k)R<é) ---R(%)Ll(m(o) <‘1)> {40, 5.7)

where R(z) is defined as in (2.18), and

2ki VAt VAl
\/A_1S1h< > >+cosh< > >

oo (2)
\/A_181nh<\/_tl> ;’Z_lmh(‘/: >+coh<@> |

As in the previous sections, Equation (5.7) (or its normalized version) forms the basis for deriving the resonances of
problem (5.2). However, unlike the Hermitian case, the matrix L; is not diagonal, which makes the characteristic function
for resonant frequencies more intricate than f(k; o) in Theorem 3.3. Consequently, we focus on subwavelength resonances
and leave the analysis of the non-subwavelength regime for future work.

Lik) =

5.2 | Capacitance Matrix Theory

In this section, we develop the capacitance matrix theory for the subwavelength resonances of problem (5.2), building on
the propagation matrix framework.

Similarly to (3.1), define the modified total propagation matrix associated with (5.2):

(40N

M;oi(k;0) = AtV

R( 3 ) an 1 OR@Lay 20 R ) LR,

where, using (3.8),

_40
(1+0)?2

PR<%>L(k)R(a)P = (R+vS)L(k)(R+vS), with P= <_1 1> )
Thus, it follows that
PM;o(k;0)P = G(k;v),

with

G(k,v) := (R +vS)Lyn_1(K)(R + vS)Lon_2(K)(R + vS) --- L1 (k)(R + vS). (5.8)
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By (5.7), w = kv is a resonant frequency if and only if k is a zero of
g(k,v) :=G(k,v)y, = go(k) + g1(k)v + g2(k)v? + -+ + gon (k).

Similarly to what we have done in Section 4, applying the Newton polygon method to the above expansion of g(k, v), we
can recover the capacitance matrix theory for the subwavelength resonances in [31]. We define the generalized capacitance
matrix as

6 -6

—62 92 + 03 —@3

-6 6,+6 -6
C = SRR , , (59)

—Oon-—a Oon—a+6On_3 —Oin_3

_92N—2 62N—2
where
( Bitj
e 2
[%T j=2i-1, i=1,2,...,N,
Zsinh<%>tj+1
Oj =1 (5.10)
_Bjritj+1
. e 2
o j=2i, i=012..N-1,
Zsinh<%>tj

where to = [2N =1.

Remark. Noting that t = (r¢1,81,7€2,...,5y_1,FfN), and B is given by B = (7/71, 0, y72, ...,0, YTN). Substituting these into
(5.9) and (5.10), a direct computation yields the explicit form of C, which is related to the gauge capacitance matrix C? in
[31, Corollary 2.6] by C = V=17 /r.

Theorem 5.1. Let § € C. For cases when § — 0, the scattering problem (5.2) has exactly 2N subwavelength resonant
frequencies:

* a trivial frequency w™ = 0.

s the first eigenfrequency w,(8), which is an analytic function of § (or 5~1) with leading asymptotic expansion:

©,(8) = 0(82)+

o r2j-1rfaj _ v2j-1"C2j-1
oo | N [ v2j1 AT N [ r2jo1 ==
—idv . — e 2 ; e 2

Yoi_1rtoi_ Y2i_1rtoi_
sV |sinh r2i-1"2j-1 - IS v R
U 22— [SID 2 j=1 V2j-1¢€ j=i+1 V2j-1¢€

* the remaining 2N — 2 frequencies are analytic functions of & /2 with leading-order asymptotic expansions:

Py Ooai1bi1 + Oay_1ainb; 3
wE(6) = xv[ Lo —ig2 DL T ONIINON 4 0(52), §=2,3,...,N,

2 N
21 @ijbij
where0 = 11 < 1, < --- < Ay are the eigenvalues of C, and a; = (q; j)j.vle, b; = (b; J')?Izl are the right and left eigenvectors
corresponding to A;, respectively.
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What'’s more, the eigenmodes corresponding to the resonant frequencies w; = k;v with k; = \/4;6 + 0(8),i = 1,...,N, have the

ajy1—-aj

same formas (4.7), wherea = (a1, ay, ..., ay) " is the corresponding eigenvector of the capacitance matrix C and b = %
J

forj=1,2,...,N -1

6 | Concluding Remarks

In this work, we have analyzed the scattering resonances of general one-dimensional acoustic media, identifying them as
the zeros of an explicit trigonometric polynomial using the propagation matrix method. Leveraging Nevanlinna theory,
we have established the global distribution properties of these resonances and characterized the resonance-free region by
demonstrating the uniform boundedness of their imaginary parts. In addition, we have derived asymptotic expansions for
both subwavelength and non-subwavelength resonances in terms of the high contrast parameter. In the subwavelength
regime, we have further employed the Newton polygon method to establish connections between our approach and
the capacitance matrix theory for Minnaert resonances. This work lays the foundation for the analysis of scattering
resonances in acoustic media with high-contrast bulk modulus, as well as the extension of capacitance matrix theory
to non-subwavelength resonances. These topics will be investigated in forthcoming papers.
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Appendix A: Asymptotic Analysis of Zeros via Newton Polygon Method

In this section, we review the Newton polygon method [34] for obtaining the asymptotics of the zeros of an analytic function. We
consider a function f(u, v) that is analytic in a region U C C?, where u is treated as the variable and v as a parameter. Suppose that for
v = v, the function f(-, vy) has an n-fold zero at u = u:

gk an
#(uo,vo) =0, for k=0,...,n—1, #(uo, vg) # 0.

We next analyze the asymptotic behavior of the zeros u(v) of f(-,v) asv — v, using the Newton polygon method. For simplicity, we set
(ug, vg) = (0,0). Expanding f at (0, 0), we have

28 of 31 Studies in Applied Mathematics, 2026

8SUSD |17 SUOWIWOD dA TR0 3|t jdde a3 Aq pausenob afe sajoile WO 8sn Jo sajnu oy Areiqiautjuo A8]im Lo (SUOIPLOD-PpUe-SWLSIW0d" A3 (1M Ake.d 1 Ut|uo//Sdiy) SUORIPUOD pue Swid 1 84} 89S *[9202/90/50] o Arigiauliuo AB|im ‘Aiseaun Buelbyz Aq ziyz0, wdes/TTTT OT/I0p/wWod A3 (1M Aleiq 1 pU|UO//SONY WO. papeoiumod ‘G ‘9202 ‘0656.9vT



f(u,v) = Z cjkuka, cjo =0for j <n, and c,g # 0. (A1)
jk>0

It suffices to find the asymptotic behavior of solutions u(v) to f(u(v),v) = 0 as v — 0. The Newton polygon is constructed as follows:
1. For each nonzero coefficient cji in (A.1), plot (j, k) in the plane R2.
2. Form the convex hull of the set {(j, k) : cj # 0}.

3. The lower boundary of this convex hull consists of a sequence of linear segments (edges), which determines the dominant
asymptotic regimes.

Each edge I connecting points (j;, k1) and (j,, k,) with j; < j, has the slope

k, —k
L=tk

==, (A.2)
: J2—J1
The dominant scaling exponent for v corresponding to this edge is s; = —4;, implying the asymptotic form u ~ cv® with ¢ # 0. The
dominant balance equation for edge ! is derived as follows:
1. Selecting all terms (j, k) lying on the line .
2. Substituting the asymptotic form u = cv® in the equation
Z cjkuj vk =0
(j,k)elnz2
to obtain the balance equation in ¢
Z cjke! =0. (A3)
(j,k)elnz2

3. The left side of (A.3) is a polynomial in c. The number of nonzero solutions ¢ (counting multiplicities) equals to the number of
asymptotic branches associated with 1.

For each asymptotic branch, the full expansion is given by a Puiseux series
[e)
u(v) = Y’ dyvsitim, (A4)
m=0

where 0 = tj < t; < t, < --- are rational exponents determined recursively. The coefficients d,,, are determined as follows:
1. Substitute the series (A.4) into f(u,v) = 0 and expand it in powers of v.
2. Match terms at each order of v and solve sequentially for each d,,,.

The exponents t,,, are determined by the geometry of the Newton polygon above the initial edge. By Rouche’s Theorem, the total number
of asymptotic branches (counting multiplicities) must equal n, consistent with the multiplicity of the zero u, of f(-, vy).

Appendix B: Proof of Proposition 4.2
Proof. Since g(k;v) := G(k,v),,, it suffices to derive the following expansions of G;(k) in (3.11)ask — 0:for 1 <I <N -1,

2N-1 I -1
Gi(k) = < II: j> [21(—21k)2N‘1‘21 D <H ejl)R + 6921 (—2ik)?N -2 D < 6 ji>R_
1

Jj=1 1<j1<Jjo <+ <jj<2N-2 \i=1 2<j1<j2< " <jj-1<2N=-2 \i=
-1
+ Oy 2l (=2ik )N -2 <H 6;, >R+ +O(k*N -2l+1)] , (B.1)
1<j1<j2<+<ji-1<2N-3 \/i=1
and forl =0, N,
2N-1
Go(k) = < H tj>(—2ki)2N_1R + O+, Gy(k) = 2N71(R, + R_) + O(k). (B.2)
j=1
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‘SLZN—1| R ‘LZN—2| R ‘LZN—SSLZN—4SL2N—5| R m R m

1 0 2 1
ML Ml MZ M2N 1-1 R

FIGURE B.1 | Structure of Qwitha; =1,a; =0,a, =2,...,a;y_j-1 = 1,ag = 2.

This expansion is based on (3.9) and the following identities:

1. RMR = n(M)R,

2.9(Lj) = =2t;ki+ O(k®), n(Lj1SL;) =2+ O(k?),
(B.3)
3.70(n(L)) =1, To(Lj11SL)) =0, To((Lj42SLj41SL))) > 1,

4.SLyy_1(k)R =R_ +0(k), RL,(k)S =R, + O(k),

where (M) = My, + My, — My — My, for M € C>*2, and 14(f) denotes the order of the leading-order term in the asymptotic
expansion of f(k) as k — 0, in particular, 75(0) = +oo.

First, for 1 <1 < N — 1, by (3.9), the expression of G;(k) consists of (Zé\] ) terms, each corresponding to a selection of I S-matrices (or
equivalently, 2N — [ R-matrices) from the 2N available matrices R + vS. We denote by Q the matrix product corresponding to a specific
selection, and we will analyze its order in k as k — 0.

To this end, we first consider the 2N — [ — 1 gaps formed by the 2N — | R-matrices and denote the product of all matrices within each

gap by M, @ M, 2M ;12\]"1 ‘ll_‘ 11, where a; denotes the number of S-matrices in the ith gap (see Figure B.1 for an illustration). Moreover,
we denote by M LL the product of all matrices to the left of the first R-matrix, and by M;R the product of all matrices to the right of the last

R-matrix, where a; and ap denote the corresponding numbers of S-matrices involved. In particular, Mg and Mg are identity matrices.

Then, by (B.3)(1), the total matrix product Q can be written as

2N-1-1
[ H n(M" ] M RMR. (B.4)

Since we select exactly I S-matrices, we have a; + ag + ZZN - a; = I, which implies that at least 2N — 21 — 1 of the a;’s must be zero.

Furthermore, applying (B.3)(3) to (B.4) and using the definition of 7, we obtain

2N-1-1 2N-1-1

Q2= Y, oMM = Y, oM Ny = 2N - 20 - 1. (B.5)
i=1 i=1

The equality holds if and only if we have 2N — 2] — 1 a;’s equal to zero, the remaining [ a;’s are one, and a; = ag = 0. In this case (i.e.,

79(Q) = 2N — 21 — 1), the | matrices Ml.ai with g; = 1 have the form L;,,,SLj, with 1 < j; < j, < -+ < j; <2N — 2. Then, according to
(B.3)(2), the leading-order term in the expansion of Q is given by

2N-I1-1
=[ H ﬂ(Ma‘)]R— IT ﬂ(L)Hn(L]lHSLJZ)R

J#JisJit1 i=1
2N-1 l
= [21(—2ik)2N‘1‘21 I+ Heji]R+0(k2N—2l+1). (B.6)
j=1 =1

Now consider the selections that yield 7,(Q) = 2N — 2I. In this case, the equality condition in (B.5) implies that exactly 2N — 2[ of the
a;’s equal to zero. Since aj + ag + Eizivl_l_l a;14,2 = L, it suffices to consider the following two cases:
» a; = ag = 0, exactly one qg; equals to two, and all remaining nonzero a;’s equal to one. Then,
2N-1-1 2N-I-1
Q= Y @M= Y tomM)Ag=0 +1g=2) = 2N =20 +1.
i=1

i=1

In this case, 75(Q) cannot be 2N — 2.
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ea; =1, ag =0orag =1, a; =0, and all nonzero a; equal to one. We first expand Q for the case a; = 1, ag = 0. In this case, thel — 1
matrices Mfi with @; = 1 have the form L;,1SL;j,, where 1 < j; < j, < -+ < jj_; < 2N — 3. Then, using (B.3)(2)(4), we obtain

2N-1 -1
Q=2"1(=2ik)N 2o,y [ t; []65R+ + OGN, (B.7)
j=1 =1

Similarly, we can expand Q for the case when ap = 1, a; = 0 that

2N-1 -1
Q= 21_1(—2116)21\]_2160 H t HejiR— + O(kZN—2l+l)_
j=1 sl

For the remaining selections, we have 7o(Q) > 2N — 2l + 1, and they are absorbed into the O(k?N-21+1y term in (B.1). Having established
the expansion of G;(k) for 1 <1 < N — 1, the proof is completed by deriving the expressions at the boundary indices I =0 and [ = N.

For I = 0, there is only one possible selection (i.e., selecting all R-matrices from the 2N available matrices R + vS), which gives

2N-I1-1 IN-1
Golk) = [ I1 U(Li)]R = ( 11 tj>(—2ki)2N‘1R + O(K2N+1),
i=1

j=1

For | = N, for any selection and the corresponding product Q, it follows from the inequality (B.5) that when 7,(Q) = 0, all g;’s are
equal to one, and either a; or ay is equal to one. By absorbing the product of other selections into the O(k) term, we obtain Gy (k) =
2N-1(R, + R_) + O(k) as desired. O
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